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A note on the Smarandache cyclic geometric 
determinant sequences 
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E-mail: majumdar@apu.ac.jp/aakmajumdar@gmail.com 
Abstract This paper gives an alternative approach to find the determinant of the right 
circular matrix with geometric sequence, using the known results of the circulant matrix. 


Keywords circulant matrix, right circulant matrix with geometric sequence. 


81. Introduction 


In a recent paper, Buenol!] has introduced the concept of the right circulant geometric 
matrix with geometric sequence, defined as follows: 

Definition 1.1. A right circulant matrix (of order n) with geometric sequence, denoted 
by RCIRC(n), is a matrix of the form 


2 n-2 n-1 

RCIRO(n) = ee pee” 
pr 1 1 r pr—3 pr—-2 
pr—-2 pr-l 1 pr—4 pr—3 

r? r r4 1 Tr 

Tr r2 r? rr | 


Using the elementary properties of matrices and determinants, Bueno!!! has found an 
explicit form of the associated determinant. 
In this paper, we follow an alternative approach to derive the determinant of the matrix 


RCIRC(n). This is given in Section 3. Some preliminary results are given in Section 2. 


§2. Some preliminary results 


In this section, we give some well-known results that would be needed later in proving the 
main results of this paper in Section 3. We start with the following definition. 


Definition 2.1. The circulant matrix with the vector C = (co, C1, ..-,; Cn—1), denoted 
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by Cy, is the matrix of the form 


C Cc c ee om 
C(n) = 0 1 2 n—2 n—1 
Cn—-1 CO Cy *t* Cn—-3 Cn—2 
Cn—-2 Cn-1 co ate Cn—-4 Cn-—3 
C2 C3 i a Co Cl 
Cy C2 C3 Cn—-1 CO 


Lemma 2.1. For any n ( > 2), 


n-1 
—1 
Co Cy C2 *** Cn-2 Cn-1 | = [J (eg teu; + C2 Wi ee aa 
j=0 
Cn-1 CO Cy *t* Cn-3 Cn—2 
Cn—-2 Cn-1 Co °*"° Cn—4 Cn—3 
C2 C3 C4 eae Co C1 
Cl C2 te 4 Cyr—1 Co 


277% ; 
where wo =0,w; =e nI(1<j<n-1) are the n™ roots of unity. 


§3. Main result 


We now give the main result of this paper in the following theorem. 
Lemma 3.1. For n > 1, det(RCIRC(n)) = (1-r)?"1. 
Proof. From Lemma 2.1 with c; =r) (0 < j < n— 1), we see that 
n—-1 
det(RCIRC(n)) = II (1+ rw; +r? ws ee hae aD 
j=0 


But, for any j withO <j <n-1, 


1+ rw; + r? ws +i. tr™tyrtia a 


Again, since 


1 = (x-wpo)(x-Ww1)(x-Wwe) ...(K-Wy — 1), 


a 
for z = =, we get 


n 


x 


1—r” (1 — rwo)(1 — rw )(1 — rwe)...(1 — rwp_-1) 


rr rr 


? 


so that 
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(1—wo)(1—wi)(1—we)...(1-wy — 1) =1-2". (2) 


The lemma now follows by virtue of (1) and (2). 
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On the Smarandache LCM ratio 
A. A. K. Majumdar! 


Mathematics Department, Jahangirnagar University, Savar, Dhaka 1342, Bangladesh 
E-mail: majumdar@apu.ac.jp/aakmajumdar@gmail.com 


Abstract Two types of the Smarandache LCM ratio functions have been introduced by 
Murthy [1]. Recently, the second type of the Smarandache LCM ratio function has been 
considered by Khainar, Vyawahare and Salunke [2]. This paper establishes the relationships 
between these two forms of the Smarandache LCM ratio functions, and derives some reduction 


formulas and interesting properties in connection with these functions. 


Keywords Smarandache LCM ratio functions (of two kinds), reduction formulas. 


81. Introduction 


The Smarandache LCM ratio function, proposed by Murthy [1], is as follows : 
Definition 1.1. The Smarandache LCM ratio function of degree r, denoted by T(n,r), 
' In,ot1,n4+2,---,ntr—]] 
ft 9 3 cee | 
where [n1,n2,-+- ,n~] denotes the least common multiple (LCM) of the integers n1,n2,-++ , Nk. 
The explicit expressions for T(n,1) and T(n,2) are already mentioned in Murthy [1], and 


T(n,r) = n,r EN, 


are reproduced in the following two lemmas. 

Lemma 1.1. T(n,1) =n for alln > 1. 

Lemma 1.2. Forn>1, T(n,2) = eee 

The following two lemmas, due to Maohua [3], give explicit expressions for T(n,3) and 
T(n,4) respectively. 

Lemma 1.3. Forn>1, 


n(n+1)(n+2) 
n(n+1)(n+2) 
ayy 


T(n,3) = , uf n isodd 


, of n is even 
Lemma 1.4. Forn>1, 


es ieee if 3 divides n 
n(n+1)(n+2)(n+3) 
24 


T(n, 4) = 
, if 8 does not divide n 


Finally, the expression for T'(n,5) is given by Wang Ting [4]. 


1On ADL from: Ritsumeikan Asia-Pacific University, Japan. 
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Lemma 1.5. Forn>1, 


n(n f 1)(n } ses H 3)(n +4) , if n= 12m, 12m+ 8 


n(n+1)(n4 Ins OEE) oF ype 4 Ay 
nse )(nr Be) (nr) , of n= 12m-+ 2, 12m+ 6 
n(n 1)(n42)(n-+3) nb) if n= 12m+3, 12m +5, 12m+9, 12m+11 
ee ee if n= 12m+4 

nNOS py 1am 44 


T(n, 5) = 


Recently, Khairnar, Vyawahare and Salunke [2] treated the Smarandache LCM ratio func- 
tion, defined as follows : 
Definition 1.2. The Smarandache LCM ratio function, denoted by SL(n,r), ts 


_ [n,n-1, n-2, ...,n-7t1] 
r] 


SL(n,r) sr<njn, ren. 


2 ? beta | 


The function SZ(n,1r), given in Definition 1.2 above, may be called the Smarandache LCM 
ratio function of the second type. 

In Section 2, we derive the relationships between the two functions T(n,r) and SL(n,r), 
and hence, derive the reduction formulas for SL(n,3), SL(n,4) and SL(n,5), using the known 
expressions for T(n,3), T(n,4) and T(n,5). Some more properties, together with some open 


problems involving these functions, are given in Section 3. 


§2. Reduction formulas 


The following lemma gives the relationship between T(n,r) and SL(n,r). 

Lemma 2.1. SL(n,r) =T(n—r-+1,r). 

Proof. This is evident from Definition 1.1 and Definition 1.2. 

Note that, in Lemma 2.1 above, the condition n—r+1 > 1 requires that SLZ(n,1r) is defined 
only for r <n. 

The explicit expressions for the functions SL(n,1), SL(n,2), SL(n,3) and SL(n,4) are 
given in Theorems 2.1 - 2.4 below. 

Theorem 2.1. For anyn> 1, SL(n, 1) =n. 

Theorem 2.2. For any n> 2, SL(n, 2) = i 

Proof. By Lemma 1.2 and Lemma 2.1, 


n-l)n 


SL(n, 2) =T(n- 1,2) = Sie. 
Theorem 2.3. For any n> 8, 
n(n-D) (m2) ifnis odd 
5L(n,3) = n(n-1)(n-2) 
12 


, ifnis even 
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Proof. Using Lemma 1.3, together with Lemma 2.1, 
(n-2) (n-1)n 
6 
(n-2) (n-1)n 
12 


2is odd 


,if n 
SL(n, 3) =T(n—- 2, 3) = 


2is even 


,if n 


Now, since n is odd or even according as n—2 is odd or even respectively, the result follows. 
Theorem 2.4. For any n> 4, 


ee if 8 divides n 


SL(n, 4) = 


fn i en 8), if 8 does not divide n 


Proof. By Lemma 1.4 and Lemma 2.1, 


(n 3) (n 2)(n- 1)n 
irae ton 
(n- 3) (n 2)(n 1)n 
yy 


if3 divides n — 


SL(n, 4) = T(n— 3, 4) = 


if3 does not dividen — 3 


But, 3 divides n — 3 if and only if 3 divides n. This, in turn, establishes the theorem. 
Theorem 2.5. For any n> 5, 


nln Dn Be iN dd, ifn = 12m, 12m+ 4 
(nt )(n ApS) ifm = 12m +1, 12m +3, 12m-+7, 12m +9 
n(n-1)(n- Uf 3)(n-4) Anton 48 
SMM =) n(net)(n oe HOA) sen = 10m-+5, 12m4+11 
mn L)(n-2}(m-I)(WA) ifm — 12m +6, 12m +10 


480 
n(n-1)(n age 3)(n- “) fi mee 


Proof. By virtue of Lemma 1.5 and Lemma 2.1, 


SL(n, 5) = T(n—4, 5) 

(n-4) (03) 2) UD ify — 4 = 12m, 12m +8 
ae els ifn—4=12m41, 12m+7 

7 Se oe ifn—4 = 12m+2, 12m+6 

| GD) 2)Dn itn — 4 = 12m +3, 2m +5, 12m+9, m+ 11 
Sees fq 4 = Tome 
a ODE ifn —-4=12m+10 

Now, since n — 4 is of the form 12m if and only if n is of the form 12m + 4, n— 4 is of the form 


12m + 8 if and only if n is of the form 12m, n — 4 is of the form 12m + 9 if and only if n is of 
the form 12m + 1, n — 4 is of the form 12m +4 11 if and only if n is of the form 12m + 3, n—- 4 
is of the form 12m + 10 if and only if n is of the form 12m + 2, etc., the result follows. 
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§3. Some open problems 


In this section, we give some open problems involving the functions SL(n,r). 
First, we state and prove the following two results. 

Lemma 3.1. For any integer n > 1, SL(n, n) = 1. 

Proof. This is evident from Definition 1.2. 

Lemma 3.2. If p is a prime, then p divides SL(p, r) for all r <p. 

Proof. By definition, 


[p, p-l, p-2, eey prt] 


a Sjuaey 


r<p. 


Now, p divides [p, p-—1, p- 2,..., p—r +1] for all r <p, while p does not divide [1, 2, 3, ..., 
r]. Thus, p divides SL(p, r). 
Using the values of SL(n, r), the following table, called the Smarandache-Amar LCM 


triangle, is formed as follows : 


The 1°* column contains the elements of the sequence {SL(n, 1)}°2,, the 2™¢ column is 
formed with the elements of the sequence {SL(n, 2)}°° 


n—2, and so on, and in general, the k-th 
column contains the elements of the sequence {S'L(n, k)} 


oe) 
n=k? 


Note that, the 18* column contains the natural numbers, and the 2"¢ column contains the 
triangular numbers. 
The Smarandache-Amar LCM triangle is 


1-st 2-nd 3-rd 4-th 5-th 6-th 7-th 8-th 
column column column column column column column column 


SL(q, 1) SL(n, 2) SL(n, 3) SL(, 4) SL(m, 5) SL(n, 6) SL(n, 7) SL(a, 8) 


1-st row i} 

2-ndrow 2 1 

3-rd row 3 3 1 

4-th row 4 6 2 1 

5-throw 5 10 10 5 1 

6-throw 6 15 10 5 1 1 

7-throw 7 21 35 35 7 t 1 

8-throw 8 28 28 70 14 14 2 1 
9-throw 9 36 84 42 42 42 6 3 
10-throw 10 45 60 210 42 42 6 3 
li-throw 11 55 165 330 462 462 66 33 
12-throw 12 66 440 165 66 462 66 33 
13-throw 13 78 286 715 429 858 858 429 


Note that, by Lemma 3.1, the leading diagonal contains all unity. 
Lemma 3.3. ‘If p is a prime, then sum of the elements of the p-th row =1 (mod p). 
Proof. The sum of the p-th row is 


9-th 
column 


SL(n, 9) 


55 
11 


8 A. A. K. Majumdar No. 1 


SL(p, 1) + SL(p, 2) + ...+ SL(p, p - 1) + SL(@, p) 
= [SL(p, 1) + SL(p, 2) +...+ SL(p, p- 1)]} + 1 


= 1 (mod p), 
by virtue of Lemma 3.2. 


Lemma 3.4. If p is a prime, then p does not divide SL(2p, r) for any p <r < 2p. 
Moreover, if q is the prime next to p, then q divides SL(2p, r) for allp <r<q-1. 


Proof. If p is a prime, then p divides [2p, 2p — 1, ..., 2p —r + 1] for all r < 2p, and p 
divides [1, 2, ..., r] for all r > p. Hence, p does not divide 
2p, 2p —1, ..., 2p — 1 
Si (2p, 1) = PR PPM PEN per sp. (1) 
fie Tt 


To prove the remaining part of the lemma, first note that, by Bertrand’s postulate (see, for 
Example, Hardy and Wright [5]), there is at least one prime, say, q, such that p <q <2p. Now, 
from (1), q divides the numerator if p < r < q— 1, but q does not divide the denominator. As 
such, q divides SL(2p, r) for allp <r<q-1l. 

Open Problem # 1 : Is it possible to find a congruence property for the sum of the 
elements of the k-th row when k is a composite? 

Open Problem # 2: Is it possible to find the sum of the elements of the k-th row? 

Note that, by Lemma 3.2 and Lemma 3.4, some of the elements of the (2p)-th row is 
divisible by p, and some elements are not divisible by p but are divisible by q, where q is the 
next larger prime to p. 

Looking at the 9*" row of the triangle, we observe that the number 42 appears in three 
consecutive places. Note that, 42 is divisible by the prime next to 7 in the interval (p, 2p) with 
p= 5. 

Open Problem # 3: In the Smarandache-Amar triangle, is it possible to find (in some 
row) repeating values of arbitrary length? 

Note that, the above problem is related to the problem of finding the solutions of the 
equation 

SL(n,r) = SL(n,r +1). (2) 


A necessary and sufficient condition that (2) holds is 
(In,n—-1,..,n2-—r+l1],n-—r)(r4+1) = (1, 2, ..., 7], r+ 1) (n—-1). (3) 
The proof is as follows : The equation (2) holds for some n and r if and only if 


In,n—-l,..,n—-r+1) [n,n—-1,..,n-7] 


[ls Bais 1, 2, aay ty rt D 


that is, if and only if 
[In,n—1,..,n—r4+]].[1, 2, ..,7,r +1) = [n, n-1, ..., 2-7].[L, 2, .., 7] 


that is, if and only if 


(1, 2, ..., r](r +1) [In,n—1,..,2-r+1](n—-r) 
Pe tag ee Year 2,..,7],r+1) ~ (In,n—1,..,n2-r+1],n- We 2p tte 


Vol. 11 On the Smarandache LCM ratio 9 


which reduces to (3) after simplification. 
Lemma 3.5. If nis an odd (positive) integer, then the equation (2) has always a solution. 
Proof. We show that 


SL(2r + 1, r) = SL(2r + 1, r + 1) for any integer r > 1. 
In this case, the necessary and sufficient condition (3) takes the form 
(20 1, 24.5, ¢+ 2), 7 DG 1) = (1, 2,0, 7], 7 Le 1). 
Now, since 
([2r +1, 2r,..., r +2], r+1) = ([1, 2, ..., r], r +1) for any integerr > 1, 


we see that (3) is satisfied, which, in turn, establishes the result. 
If n is an even integer, the equation (2) may not have a solution. A counter-example is the 
case when n = 4. However, we have the following result. 


Lemma 3.6. [fn is an integer of the form n = 2p + 1, where p is a prime, then 
SL(2p, p) = SL(2p, p + 1) 


if and only af 
({1, 2, ..., p], p+ 1) =p. 


Proof. If n = 2p + 1, then the l.h.s. of the condition (3) is 


(2p, 2p —1, .... p+ 1], p)(p+ 1) = p(p + 1), 


which, together with the r.h.s. of (3), gives the desired condition. 

Conjecture 3.1. The equation SL(n, r) = SL(n, r+ 1) has always a solution for any n 
= Oo. 

In the worst case, SL(n, n — 1) = SL(n, n) = 1, and the necessary and sufficient condition 
is that n divides [1, 2,...,n — 1]. 

Another interesting problem is to find the solution of the equation 


SL(n+1,r) = SL(n,r). (4) 
The equation (4) holds for some n and r if and only if 


In,n—-1,..,.n-r+l1] [nt+1,n,..,n-—r+2] 


(1, 2, ..., 7] (1, 2). avg] 
that is, if and only if 
(tye Te ces ea Oe ae Cade Ll dy oe te oD] 


((In,n—1,..,n—-r+2],n—r4+1) ([n,n—-1,...,n—r+2],n+1)’ 


which, after simplification, leads to 
(n-—r+1).([n, n-1,...,2-—r+2], +1) = (n41).((n, n-1, ..., n-—r+2],n—r4+1), (5) 


which is the necessary and sufficient condition for (4). 


From (5), we observe the following facts : 


10 A. A. K. Majumdar No. 1 


1. n+ 1 cannot be prime, for otherwise, 
(In,n—1,...,2-—r+2],n4+1) =1, 

which leads to a contradiction. 
2. In (5), 

[n, n—1,..., m—r+2],n4+1)=n+1 © ((n, n—-1,..., n-7r+2],n—r4t1)=n—-r+t+l. 
3. In (5), ifn -—r+ 1 = 2, then 

(In, n-1,..,2-—r+2],n—r+1l)=2 => [n,n—-1,...,n-—r+2],n+1l)=n+4+1. 

4. Ifn-r+1¥# 2 is prime, then 


(In,n—1,..,2-r+2],n—-r+1)=1 


=> nt+l=(n—-r4+1)((n,n-1,...,n-—r+2],n+1) (6) 


({n, n—1, ..., n—r+2], n+1) - 
([n, n—1, ..., n—r+2],n+1)-1°? 


=> n+l= 


after simplification, showing that ([n, n—1,..., »—1r +2], 7+ 1)—1 must divide r. 


. In (5), if (In, n—1,..., n—r +2], n +1) =n+1, then n—r-+1 cannot be an odd prime, 
for otherwise, by (6), 


or 


which leads to a contradiction. 

Conjecture 3.2. The equation SL(n + 1, r) = SL(n, r) has always a solution for any r 
> 3. 

In the worst case, SL(r + 1, r) = SL(z, r) = 1, and the necessary and sufficient condition 
is that ([1, 2,..., r],r+l)=r-41. 

Remark 3.1. In [2], Khairnar, Vyawahare and Salunke mention some identities involving 
the ratio and sum of reciprocals of two consecutive LCM ratios. The validity of these results 
depends on the fact that SL(n, r) can be expressed as 
n(n —1)....(n—r +1) 

r! 


SL(n, r) = : (7) 


If SL(n, r) can be represented as in (7), it can be deduced that 
SL(n,r+1) n-r 1 1 n+1 


Si(n,r)  r¥1' Sinn) | Sl@,rsl @+).SL(m, +1) 


However, the above results are valid only under certain conditions on n and r. For example, for 
r = 2, the above two identities are valid only for odd (positive) integers n. 
Thus, the next question is : What are the conditions on n and r for (7)? 
If r = p, where p is a prime, then SL(p! — 1, p) can be expressed as in (7), because in such 
a case 
[p!-1, p!-2,...,p!-p] __ (p!-1)(p!-2) ... (p!-p) 


poe - " P) ~ ae 2, | 7 p! 
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Abstract: In recent years, various extensions of the well known and useful Kummer’s second 
theorem have been given. In this paper, we aim to give another extension of Kummer’s second 


theorem. 


Keywords : Generalized Hypergeometric Function, Kummer’s 1** and 2"¢ 


theorems. 


81. Introduction 


In the theory of hypergeometric and generalized hypergeometric series, summation and 
transformation formulas play an important role. For this, we start with the following Kum- 


mer’s first theorem [3,5] for the series 1 F}, 


a b—a 
ee" 4Fy ; a) = 1Fy > ax]. (1.1) 
b b 
Recently, Paris [4] generalized (1.1) in the form 
a, 1+d b-a-1, f+1 
err le ; ©) = 2h 5 2), (1.2) 
b, d b, f 
where 
d(1+a-—b) 
The well known Kummer’s second theorem [4] is 
2 a = a? 
e-er Fy es Os oF SMa ce (1.4) 


2a a+% 16 
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Bailey[1] established (1.4) by using Gauss’s second summation theorem. Rathie and Choi 
[8] derived (1.4) by employing Gauss’s summation theorem[5]. 


Motivated by the extension of Kummer’s first theorem (1.2) obtained by Paris [4], recently 
Rathie and Pogany [9] have given the following interesting extension of Kummer’s second the- 


orem in the form 


Recently, Kim et al.[2] have generalized the Kummer’s second theorem and obtained ex- 


plicit expression of 


a 


—a2/2 a . , 
e€ Fy 2 for j = 0,+1,+2,...,+£5. (1.6) 
2at+ jy 


Very recently, Rakha et al.[6] have given another extension of Kummer’s second theorem 


(1.4) in the following form 


,24+d 2 2a _ 1 = 2 
e*/? oF. : = of ae (a 2) oF 5 = 
2a+2,d a+ 3 16 (a +1) a+ Z 16 
Cx? _ x? 
F ; 1.7 
Reed 3) | at oe? ae oe 


where d 4 0, —1, —2... and c is given by 


= (saa) (3-3) + (aaa): as) 


Also, very recently Rakha and Rathie [7] have given another extension of Kummer’s second 


theorem in the following form 


a, 3+d - 2 - 2 
e*/? 5 Fy ; 2) = of) —_ + C2 oFy i 
3’ 16 5° 16 
2a+3, d at 5 a+ 5 
2 2 
- x - x 
+ ca” Fi ; | + 32° oF) oe 
a+ 3 16 a+ 16 
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where cj, C2 and c3 are given by 


3 Ss) 
qu = >. 
(2a + 3) 
a 3a(a+1 
(1 mr ie) 
eo (1.10) 
2(a + 2)(2a + 3) 
(33 1 3a(a+1) , et ee) 
= ee ad(d+1) ' d(d+1)(+2) 
°3 = ~—“3(a + 2) Qa + 3) (Qa + 5) 


In this paper, we aim to establish one more extension of Kummer’s second theorem in the form 


a, 4+d 
e-t/? oF, ; 2 (1.11) 
2a+4, d 


The result is derived with the help of Kummer’s second theorem (1.4) and its various contiguous 
results obtained by Kim et al [2]. For this, the following results given in [2] will be required in 
our present investigation. 


a ar a ae 5 @) = oF | 2 a Sores oF a4 8 es » (1.12) 
or Fy ss os | a 3’ - 7 ae: 1) 7 37 , 

ao oft _ 5’ 5 a, 
e */? F, ae ; oF ne : a Es oft 7 “3 . 

sa ===> on jue - 
A(a + 2) = 3)(@a45) 2 ant _ a 
and 
eof? sR maa? = of aa “Ga ae 
x ~ ee 
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foal = a2 

of) or 

A(a + 2) (a+ 3)(2a + 5) a+ 16 
ot = ge 
+ oft : ae 
8(a + 2) (a+ 3) (2a + 5) (2a + 7) ee 16 


§2. Main Result 


The following extension of Kummer’s second transformation will be established in this pa- 


per. 
a,4+d = 4 -— 2 
e 7/2 oF ;c) = oft pal of ape gh <2 
2a+4, d a+ 3 16 a+ 3 16 
_ x? _ pe 
+ e227 oFy > —| +0327 oFi ; ae 
a+ Z 16 a+ 3 16 
— (2.1 
+ c4@" oF) a 2.1 
a+ 3 16 
where 
2a _ 
eee oa 
(a+ 2) 
a 3a (a+1 
(1 mae wa te) 
c= ’ 
: (a + 2) (2a +5) 
a 1 3a (a+1) a (a+1) (a+2) 
(3 4 ~ Ba(ahi) + d(dtt) 3) (2.2) 
Cc = 
. (a+ 2)(a+3) (2a+5) 
and 
(3 a , 38a(atl) — a(atl)(at2) | a(atl) (a2) ad 
4 ad! 2d(d+l1)  d(d+1)(d+2) © 2d (d+) (42) (d+3) 
C4 = 


2(a+ 2) (a+ 3) (2a + 5) (2a + 7) 


Proof. Using the definition of the Pochhammer’s symbol 


_ aba) 
(@)n = ~T(a) 
we can see that 
(d+4)n 4n  6n(n—1)  4n(n—1)(n—2) n(n —1)(n — 2)(n — 3) 


iQ, a ddl ade es) daeiernaes, 
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Now, in order to establish to our main result (2.1), we proceed as follows. Denoting left 
hand side of (2.1) by S and expressing 2F as series, we have 


—a2/2 . (a)n (d+4)n x 
SD (2a+4)n (a), nl 


a e7 2/2 = (4)n ye (d+4)n 
2 (2a+ 4)n =| (d)n \. 


n=0 


Using (2.3), we have 


2/2 (a)n &” _4n , 6n(n—1) | 4n(n—1)(n—2) | n(n—1)(n—2)(n—3) 
= X (2a + 4)n n! (u d' dd+l) dd+lj(d+2) | dd+1)(d+1) (+3) 

2/2 © (Qn 2” 4 ay ~ (a)n x” 

= d (2a+4)n nl | d< ( 2d (2a+ 4), (n—1)! 


6-2/2 (Qn "EF" 4 _2/2 (an 
" dd+h d (Qa+4), (n—2)! d(d+l(d+2)° dX (Qa+4)n (n—3)! 


nm 


1 —a/2 (4)n w 
” d(d+l)(d+2)(d+3) ~ 2d Gat 4, OF 


Now replacing n —1 by N, n-—2 by N, n—3 by N and n—4 by N in second, third, fourth 
and fifth series respectively, we have 


_— p-«/2 — (a)n x” 
pee Ds (2a+ 4), nl 


N+1 


4 4 2/2 x (a)n+1 = 
d Ay 2a+4)na1 N! 


en 2/2 ar a)n+2  2Nt? 
Wah a NI! 


N+3 


4 —x/2 ( )N+3 x 
" d(d+1)(d+ 2) 2 (2a+4)y43 N! 


N+4 
e7t/2 ae a)N+4 x 
d(d + 1)(d+2)(d+3) Seer NI 


Using the results 


(a)n41 = a(at1)n 

(a)nag2 = a(at+1)(a+2)n 

(a)n43 = a(a+1)(a+2)(a+3)n 
(@Qnee = a(a+1)(a+2)(0+3)(@+4)y 
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and after some simplification, we have 


ee (a)n 2” daz afp wo (a+ 1y 2% 
oan » Ratt, a dose © Ds (2a+5)y NI 
6a(at+1)a o-2/2 > (a+2)n 2% 
d(d+ 1) (2a+4) (2a+5) (2a+ 6)n N! 
i: 4a(at+1)(a+2) 2° 2/2 Ss (a+3)n 2% 
d(d+1)(d+2)(Qa+4)(Qa+5)Qa+6)° 4+ QatT)n N! 
Pe a(a+1)(a+2)(a+3)a* a> (a+4)n 2X 
d(d+1) (d+ 2) (d +3) (2a + 4) (2a + 5) (2a + 6) (2a +7) a (2a+8)y N 


+1 
s= Sia Fy ° 7 « oe =a/a Fy . > x 
Qa+4 d(2a + 4) Qa+5 
6a(a + 1)a? 2/2 a+2 
+ e *!* Fy 2x 
d(d + 1)(2a + 4)(2a + 5) 2a+6 
3 
i. 4da(a+1)(a+ 2)a o8/2 By at+3 ” 
d(d + 1)(d + 2)(2a + 4)(2a + 5)(2a + 6) 9a+7 
4 
fs a(a+1)(a+2)(a+ 3)a o8/2 B, at 4 s 
d(d + 1)(d+ 2)(d+3)(2a + 4)(2a + 5)(2a + 6)(2a + 7) 2a +8 


Now it is easy to see that the first, second, third, fourth and fifth expressions appearing on 
the right hand side can be evaluated with the help of the known results (1.15), (1.14), (1.13), 


(1.12) and (1.4) respectively, and after some simplification, we arrive at the desired result (2.1). 
This completes the proof of (2.1). 


§3. Special Cases 


Setting d = 2a in (2.1), we see that 


cy = c3 = 0,7 


1 
— d 
= 90+ 1)(Qa+5)? 


So we have 
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2 2 2 
= | sel=oR| 23S] 4 s ee 
a ee (a a+ §' 16)" 2Q@a+1)Qat+5) "| gy 7’ 16 

at _ we 
F se a4 
16(2a + 1)(2a + 3)(2a+ 5)Qat7) "| g4 9” 16 orld 

Now, it is not difficult to see that the right hand side of (3.1) equals to oF - : = 

a+ 5 


2 
and thus we arrive at the Kummer’s second theorem (1.4). Thus our main result (2.1) may be 


regarded as an extension of (1.4). 
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81. Introduction 


Compactness and Lindeloffness are important tools in the theory of analysis especially in 
Topology and Functional Analysis. With this interesting idea of Compactness and Lindeloffness, 
many mathematicians defined and studied these concepts for every type of open sets defined in 
General Point set Topology. During the years 2009 and 2010 the authors of this present paper 
together with Smt. C. Sandhya studied about y—compact spaces and v—Lindeloff spaces. 

Inspired with these developments, the authors of the present paper further studied few 
interreltion between v—lindeloff space and v—compact spaces. Verified few basic properties of 


these two spaces. Throughout the paper a space X means a topological space (X,r). 


§2. Preliminaries 


Definition 2.1. A subset AC X is said to be 

(i) regular open if A = (A)? 

(ii) semi-open [v'4l-open] if there exists an open [r-open| set U such that U C ACU. 

(iii) regular closed |semi-closed; v—closed'*!| of its complement is regular open [semi-open; 
v—open]. 

Definition 2.2. Let AC X. A point x € X is said to be w-accumulation [v—accumulation!4]] 
point of A if every regular-open |[v—open| neighborhood of x intersects A and the union of A 
and the set of all w-accumulation [v—accumulation"!] points of A is called w-closed [v—closed| 
set. 

Definition 2.3. AC X is said to be 

(i) Compact|nearly-compact; v—compact'4]] if every open[regular-open; v—open] cover of A 
has a finite subcover. 
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(ii) Countably compact|countably nearly-compact; countably v—compact'|] if every count- 
able open [countable regular-open; countable v—open| in A has a finite sub cover. 

(iit) o-compact|o-nearly-compact; o-v—compact'!] if A is the countable union of compact 
[nearly-compact; v—compact] spaces. 

(iv) Weak almost regular [Almost regular] iff for any point a € A and any regular-open set 
U containing a, there exist a regular-open [an open] set V such thataeV CV CU. 

(v) Lindeloff {nearly-lindeloff; v—lindeloff*|| if every open [regular-open; v—open] cover of 
A has a countable subcover. 

(vi) o-lindeloff [o-nearly-lindeloff; o-v—lindeloff*!] if A is the countable union of lindeloff 
[(nearly-lindeloff; v—lindeloff| spaces. 

Lemma 2.1"). If f is almost continuous then for each ACY, f-'(A)) C f-‘((A)). 

Note 1. (i) Every compact space is locally lindeloff. 

(ii) Every lindeloff space is locally lindeloff. 


§3. Relation between v-compact spaces and v-Lindeloff 


spaces 


Remark 1. We have the following 

(i) Every v-compact space is a v—Lindeloff space 

(it) o-nearly-compact space is a-v—compact 

(itt) o-nearly-compact space is o-v—lindeloff 

(iv) o-v—compact space is o-v—lindeloff 

Theorem 3.1. Let A be r-open and if A C X is a v—compact subset of X then the 
subspace (A,T/4) is v—lindeloff. 

Proof. Assume A is y—compact. Let {G; : i € I} be any v—open cover in (A,7/,4). Each 
G; is y—open in A and G; C A C X, each G; is v—open in X. By v—compactness of X, this 
cover has a finite subcover. Hence (A,7/,4) is y—compact. Therefore (A,7/,) is v—lindeloff. 

Theorem 3.2. 

(i) v—closed subset of a (countably) v—compact space is v—lindeloff 

(ii) v—irresolute image of a (countably) v—compact space is v—lindeloff 

(itt) countable product of (countably) v—compact spaces is v—lindeloff 

(iv) countable union of (countably) v—compact spaces is v—lindeloff 

Proof. (i) Let X be y—compact and A Cc X be v—closed. Let {Uy : a € A} be any 
v—open cover for A. Let Up = X — A and A’ = AU {0}. Then {U, : a € A’} is a v—open cover 
for X. Since X is v—compact, there exists a finite subset A’ C A 3 X C Unea” Ua. Since 
AC X and ANU = ¢, also A” — {0} CA. AC Unea”"—40} Ua- Hence {Ug : a € A” — {0}} 
is a finite subcover of A from {U, : a € A}. Hence A is y—compact and so v-lindeloff. 

If X is countably y—compact, A will be countable set. 

(ii) Let f: (X,7) — (Y,c) be v—irresolute and let X be y—compact. Let {V; : 4 € I} be any 
v—open cover for f(X), then each V; is y—open in f(X). Since f is v— irresolute, each f~'(V;) 
is v—open in X. By v—compactness of X, we have X C US, f-'(Vn) implies X C U"_,f-'(Vj). 
Thus f(X) CULV; 
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(iii) Let {X,} be a countable family of y— compact spaces and let X = II,Xp. Let 
{Uj = Maxey; Xa * Vag X + * Vang ? Uaag 18 v-open in Xg4; for each i= 1 ton, j € I} bea 
v—open cover of II,Xq. Then {II,(u,;) : 7 € I} is a v—open cover of X;. By Assumption, there 
exists a finite subfamily {I],(u;) : 7 = 1 to n} such that X; = UII,(U;). 

Case 1: If I;.X; = jaa II;(U;) then I1;X; is y—compact and so v—lindeloff. 

Case 2: If not, there exists atmost finite 0), 02,.....,€n such that Xe, = Up). He, (Ux, ) for 
each f, € {01, l2,.....,€n}. Therefore TaXo = Up_1 (Use) U gia (Uj) U vee al Oa: 
Hence II, Xq is y—compact and so v-lindeloff. 

Theorem 3.3. v—continuous image of a (countably) v—compact space is lindeloff. 

Proof. Let X be v—compact and f: X — f(X) is v—continuous. Let {U; : 7 € I} 
be any open cover for f(X) = each U; is open set in f(X) > each f-'(U;) is v—open set 
in X = {f-'(U,;) : i € I} form a v—open cover for X. By v—compactness of X we have 
X CULL Ui) = AX) CULL Ui = {Ui : i = 1 to n} is a finite subcover for f(X). Hence 
f(X) is compact and so v-lindeloff. 

Note 2. (i) Every v—compact space is locally v—lindeloff. 

(ii) Every v—lindeloff space is locally v—lindeloff. 

Theorem 3.4. If f:(X,7) — (Y,o) is v—irresolute, v—open and X is locally v—compact, 
then so Y is v-lindeloff. 

Proof. Let y € Y. Then there exists x € X such that f(x) = y. Since X is locally 
v—compact x has a y—compact neighbourhood V. Then by v—irresolute, v—open of f, f(V) is 
a v—compact neighbourhood of y. Hence Y is y—compct and so v-lindeloff. 

Corollary 3.1. If f: (X,7) > (Y,c) ts v—irresolute, v—open and X is v—compact, then 
Y is locally v—lindeloff. 

Proof. Evident from theorems 3.3 and 3.4. 

Theorem 3.5. AC X be r-open. If A is locally v—compact subset of X then the subspace 
(A, t/a) is locally v—lindeloff. 

Proof. Evident from the definition 3.4 and Theorem 3.1. 

Theorem 3.6. 

(i) v—closed subset of a locally v—Compact space is locally v—lindeloff. 

(it) countable product of locally v—- Compact spaces is locally v—lindeloff. 

(itt) countable union of locally v—-Compact spaces is locally v—lindeloff. 

Proof. Evident from the definition 3.4, theorem 3.2 and note 2. 

The proof of the following theorems is routine. 

Theorem 3.7. If A is v-compact subspace of X, then A is v-lindeloff relative to X. 

Theorem 3.8. If f: (X,7) — (Y,a) is almost continuous, X is v-compact and Y = f(X) 
then Y is v-lindeloff. 

Proof. Let {V,} be v-open cover of Y, then for each a there exists a regular open set 
Aq such that Ay C Va C Ag = f'(Aa) Cf" (Va) Cf (Aa) = (fF (Aa) > {F"(Va)} is 
v—open cover of X > {f-'(Va)U(f-1(Va)~°} is v-open cover for X = there exists n € N such 
that X = UR {f (Vai) U fF (Vaa)) °F = UR ALF * (Voi))?} > X C URA(f(Aaa))? + ¥ C 
UR ((Aai))° > ¥ C UR, Aas => ¥Y C UR, Vow. 


Theorem 3.9. If f is an almost continuous open mapping of a topological space X into 
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a v-compact space Y with f-'(f(Aa)) C (Aa) for each regular open set Ag of X, then X is 
v-lindeloff. 

Proof. Let {V.} be v-open cover of X, then {f(Vq)} is semi-open cover of Y so {f(Vq) U 
(f(Vo,) ~°} is v-open cover for Y > Y = U1 {f(Vai)Uf Vai) ?} = UE {fh Vai) Of C UM (f(Aai) 77}, 
it follows that, there exists N such that X = UN, (f-*(f(Aai))~)°. By lemma 2.1 and hypothesis 
for f X =U (ff Aaa)? C UR (Ff Aa) -2) C URL; (ai) 7? = URL; (Aai) CU; Vai. Hence 
X is v-compact and so v-lindeloff. 

Remark 2. We have the following 

(i) Every locally v-compact space is a locally v—Lindeloff space. 


AR oR 


(it) locally o-nearly-compact space is locally o-v—compact. 
(itt) locally o-nearly-compact space is locally o-v—lindeloff. 
(iv) locally o-v—compact space is locally o-v—lindeloff. 
Remark 3. We have the following 

(i) Every v-compact space is a locally v—Lindeloff space. 
(it) o-nearly-compact space is locally o-v—compact. 

(itt) o-nearly-compact space is locally o-v—lindeloff. 


(iv) o-v—compact space is locally o-v—lindeloff. 


§4. Relation between v—compact spaces and Lindeloff spaces: 


Lemma 4.1. I[f X is v-compact and semiregular then X is lindeloff. 

Proof. Let {O; : i € I} be an open cover of X. Since X is semiregular, there is a regular 
open basis B = we have v-open cover {BJ : O; = U;B) for each i, where BJ € B}. By 
v-compactness of X, X C Uk_, BY, > Uk_,O,. Therefore X is compact and so lindeloff. 

Lemma 4.2. If X is v-compact and semiregular then X is locally lindeloff[resp: locally 
compact). 

Corollary 4.1. Every nearly compact and semiregular space is lindeloff. 

Proof. Let {O; : i € I} be an open cover of X. Since X is semiregular, there is a regular 
open basis B and we have v-open cover {BI :O; = U; Bi for each i, where Bi € B}. By nearly 
compactness of X, X C Be => UF 40s. Therefore X is compact and so lindeloff. 

Corollary 4.2. Every nearly compact and semiregular space is locally lindeloff/resp: 
locally compact]. 

Theorem 4.1. Jf AC X is Almost v-regular and compact, then A is v-lindeloff. 

Proof. Let {U;} be any v-open cover of A and let « € A be any point. For « € A there 
exists a v-open set U, containing x = by almost v-regularity there exists an open set V; such 
that x € Vy C Vy C U. For {V,} forms a open cover and X is compact, X = U%_,Vzi. Thus 
AC (U%, Voi) = U4 (Vii) C U1 Ui, which implies that A is v-compact and so v-lindeloff. 

Corollary 4.3. If A Cc X is Almost v-regular and compact, then A is locally v- 


lindeloff[resp: locally v-compact]. 
Corollary 4.4. If AC X is Almost regular and compact, then A is v-lindeloff. 
Proof. Let {U;} be any v-open cover of A and let « € A be any point =. For x € A there 


exists a v-open set U,, containing x. By almost-regularity there exists a regular open set V, such 
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that x € V; C Vy C U. For {V,} forms a regular open cover and X is compact, {V,} forms an 
open cover and X is compact gives X = Ul_,Vxi. Thus A~ C (Cay = Be AVGah CURA zi, 
=> A is v-compact and so v-lindeloff. 

Corollary 4.5. If AC X is Almost regular and compact, then A is locally v-lindeloff[resp: 
locally v-compact]. 

Theorem 4.2. Jf AC X is weak almost regular and nearly compact, then A is lindeloff. 

Proof. Let {U;} be any open cover of A and let « € A be any point, then for x € A there 


exists a regular-open set U, containing x. By weak almost regularity there exists a regular-open 


set V, such that « € V, C (Vz) C U. For {V,} forms an open cover and X is nearly compact 
there exists N such that X = UN,V,;. Thus A C (UM,Vei) = UN, ((Vei)) © UM Ui, which 
implies that A is compact and so lindeloff. 

Corollary 4.6. If A Cc X is weak almost regular and nearly compact, then A is Ically 
lindeloff[resp: locally compact]. 

Corollary 4.7. If AC X is weak almost regular and v-compact, then A is lindeloff. 

Proof. Let {U;} be any open cover of A and let x € A be any point, then for x € A there 
exists a regular-open set U, containing x and by weak almost regularity there exists a regular- 
open set V, such that « € V; C V; C U. For {V,} forms a open cover and X is y—compact, 
X =U,Vei. Thus A C (UL, Voi) = UN, (Voi) C URL,Uzi, which implies that A is compact 
and so lindeloff. 

Corollary 4.8. If A Cc X is weak almost regular and v-compact, then A is locally 
lindeloff[resp: locally compact]. 

Theorem 4.3. Every almost v-regular and almost compact subset A of X is v-lindeloff. 

Proof. Let {U;} be any v-open cover of A and let x € A be any point.For i, € I x € Uj, 
there exists an open set V;, such that x € Vz C Vz C Uiz. Now {Vx} forms a open cover and X 
is almost compact, A C 4 Vira: Thus {Usij }fa1 is a finite subcovering of {U;}. Hence A is 
v-compact and so v-lindeloff. 

Corollary 4.9. Every almost v-regular and almost compact subset A of X is locally 
v-lindeloff[resp: locally v-compacty. 

Theorem 4.4. Every weak almost regular and nearly compact subset A of X is v- 
lindeloff. 

Proof. Let {U;} be any v-open cover of A and let x € A be any point, then there exists 
iz € I such that x € Ujz then there exists a regular-open set V, such that x € Vz C Vy C Uig. 
Now {V,,} forms a regular-open cover and X is nearly compact, A C es Veg: Thus {Uzi }7o1 
is a finite subcovering of {U;}. Hence A is v-compact and so v-lindeloff. 

Corollary 4.10. Every weak almost regular and nearly compact subset A of X is locally 
v-lindeloff[resp: locally v-compacty. 

Corollary 4.11. Every weak almost regular and v-compact subset A of X is lindeloff[resp: 
locally lindeloff; locally compact}. 

Theorem 4.5. If in X, there exists a dense weak almost regular, nearly compact subset 
A of X, then X is lindeloff. 

Corollary 4.12. (i) If in X, there exists a dense weak almost regular, nearly compact 
subset A of X, then X is locally lindeloff{resp: locally compact]. 
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Theorem 4.6. Let A be any dense almost v-regular subset of X such that every v- 
open covering of A is a v-open covering of X. Then X is almost compact if and only if X is 


v-compact. 


§5. Relation between v—lindeloff spaces and weakly com- 


pact spaces: 


Theorem 5.1. If X is weakly compact and almost regular, then X is v-lindeloff. 

Proof. Let {V;} be any v-open cover of X. For each x € X, there exists iz € I such that 
x € Viz. Since X is almost regular, there exists a regular open set G;, such that x € Giz C 
Giz C Viz. This implies x € Giz C Giz C Viz where Giz are open. Since X is weakly compact, 
X =U",Giz. Thus X = U",Vjz. Hence X is v-compact and so v-lindeloff. 

From note 2 we have the following theorem and we state without proof. 

Theorem 5.2. If X is weakly compact and almost regular, then X is locally v-lindeloff[resp: 


locally v-compact]. 


Conclusion 


In this paper we studied about relation between v—compact space and Lindelof and 
v—Lindelof and weakly Lindelof spaces and coverning properties of weak and strong forms 
of y—continuous maps. 
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§1. Introduction 


Mappings plays a vital role in the theory of General Topology, Functional Analysis and 
other related subjects. Out of which closed maps plays an impotant role. In this way many 
mathematicians introduced differnt version of closed mappings. In 1978, Long and Herrington 
used almost closedness using Singhal. In 1983 El-Deeb et. al defined preclosed maps. In 1986, 
Greenwood and Reilly used a—closed maps. In 1990 Asit Kumar sen and P. Bhattacharya 
further studied properties of preclosed maps. In 2014 S. Balasubramanian introduced Somewhat 
closed functions, in the same year S. Balasubramanian, C. Sandhya and P. A. 8. Vyjayanthi 
studied Somewhat v-Closed functions, $. Balasubramanian, C. Sandhya and M. D. S. Saikumar 
studied somewhat rg-closed mappings and S. Balasubramanian and Ch. Chaitanya studied 
somewhat ag-closed mappings. Recently in the year 2015 S. Balasubramanian introduced and 
studied Somewhat *-closed functions[where * = r-; semi-; pre-; a-; (3-; ra-; b-; y-]and Somewhat 
#-closed functions|where * = g-; sg-; gs-; pg-; gp-; Gg-; 23-; rag-; rga-]. 

Inspired with these developments, the author of the present paper further introduce Some- 
what vg—closed mappings, almost Somewhat vg—closed mappings and Somewhat M-vg—closed 
mappings. Moreover basic properties and relationship with other types of such mappings are 
studied. Throughout the paper a space X means a topological space (X,7). 


§2. Preliminaries 


Definition 2.1. A function f is said to be 

(i) somewhat continuous/resp: somewhat b-continuous] if for U € o and f-'\(U) ¥ ¢, there 
exists an open|resp: b-open] set V in X such that V 4 andV Cf '(U). 

(it) somewhat open[resp: somewhat b-open/] provided that if U € r and U # 4, then there 
exists a proper open/resp: b-open] set V in Y such that V 4 ¢ and V C f(U). 
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(itt) somewhat closed/resp: somewhat v-closed; somewhat rg-closed; somewhat g-closed] 
provided that if U € C(t) and U F @, then there exists a non-empty proper closed[resp: v- 
closed; rg-closed; g-closed] set V in Y such that f(UU) CV. 

(iv) somewhat *-closedfwhere * = r-; semi-; pre-; a-; B-; ra-; b-; y-] provided that if 
U € C(t) and U F ¢, then there exists a non-empty proper *-closed set V in Y such that 
fU) CY. 

(v) somewhat *-closed/where * = g-; sg-; 98-; pg-; gp-; B9-; 9G-; rag-; Trga-] provided that 
if U € C(r) and U F 6, then there exists a non-empty proper # closed set V in Y such that 
KU) CV. 

(vi) somewhat ag-closed provided that if U € C(r) and U # ¢, then there exists a non- 
empty proper ag-closed set V in Y such that fU) CV. 

Definition 2.2. If X is a set and tT and o are topologies on X, then T is said to be 
equivalent [resp: b-equivalent] to o provided if U € rt and U # 4, then there is an open/resp: 
b-open] set V in X such that V #4 ¢ andV CU and ifU € o and U F 4, then there is an 
open/resp: b-open] set V in (X,7) such thatV £¢ andU DV. 

Definition 2.3. AC X is said to be dense in X if there is no proper closed set C in X 
such that MCCCX. 


§3. SOMEWHAT vg—CLOSED MAPS: 


Definition 3.1. A function f is said to be somewhat vg—closed provided that if U closed 
in X and U # , then A proper V € vGC(Y) and V # ¢ such that f(U) CV. 

Example 1. Let X = {a,b,c},7 = {¢, {a}, X} and o = {¢, {a}, {b,c}, X}. f defined by 
fla) =a, f(b) =c and f(c) = b is somewhat vg—closed and somewhat closed. 

Example 2. Let X = {a,b,c},7 = {¢, {a}, {b,c}, X} and o = {¢, {a}, X}. f defined by 
fa) =a, f(b) =c and f(c) = a is somewhat vg—closed but not somewhat closed. 


Theorem 3.1. Let f be a closed function and g somewhat vg—closed. Then go f is 
somewhat vg—closed. 

Theorem 3.2. For a bijective function f, the following are equivalent: 

(i) f is somewhat vg—closed. 

(ii) If C is a open subset of X, such that f(C) # Y, then there is a vg—open subset D of Y 
such that DAY and DC f(C). 

Proof. (i)=(ii): Let C be any open subset of X such that f(C) # Y. Then X—C is closed in 
X and X—C F ¢. Since f is somewhat vg—closed, there exists a vg—closed set V 4 ¢ in Y such 
that V > fX —C). Put D= Y —V. Clearly D is vyg—open in Y and we claim D 4 Y. If D =Y, 
then V = ¢, which is a contradiction. Since V D f(X —C), D=Y-Vc (Y-f(X-C)) =f(C). 
(ii)=>(i): Let U be any nonempty closed subset of X. Then C = X — U is a open set in X and 
AX —U) = fC) = Y — fU) implies fC) 4 Y. Therefore, by (ii), there is a vg—open set D of 
Y such that D # Y and f(C) C D. Clearly V = Y — D is a vg—closed set and V # ¢. Also, 
V=Y-D>DY-fC)=Y -f(X-U) =fU). 

Theorem 3.3. The following statements are equivalent: 


(i) f is somewhat vg—closed. 
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(ii) If A is avg—dense subset of Y, then f-'(A) is a dense subset of X. 


Proof. (i)=(ii): Suppose A is a vg—dense set in Y. If f-'(A) is not dense in X, then 
there exists a closed set B in X such that f-'(A) C B C X. Since f is somewhat vg—closed 
and X — B is open, there exists a nonempty vg—closed set C in Y such that C Cc f(X — B). 
Therefore, Cc f(X — B) c ff’ '(Y — A)) CY — A. That is, AC Y—C CY. Now, Y-Cisa 
vg—closed set and AC Y —C' CY. This implies that A is not a vg—dense set in Y , which is 
a contradiction. Therefore, f-'(A) is a dense set in X. 


(ii)=>(i): Suppose A is a nonempty open subset of X. We want to show that vg(f(A))° F ¢. 
Suppose vg(f(A))° = ¢. Then, vg(f(A)) = Y. Therefore, by (ii), f- '(Y — f(A)) is dense in X. 
But f-'(Y — f(A)) c X — A. Now, X — A is closed. Therefore, f-'(Y — f(A)) C X — A gives 
X =(f-'(Y — f(A))) C X—A. This implies that A = ¢, which is contrary to A 4 ¢. Therefore, 
vg(f(A))° 4 ¢. Hence f is somewhat vg—closed. 


Theorem 3.4. Let f be somewhat vg—closed and A be any r-closed subset of X. Then 
fia: (Asta) > (Y,¢) is somewhat vg—closed. 


Proof. Let U is closed in 7,4 such that U 4 ¢. Since U is r-closed in A and A is closed in 
X, U is r-closed in X and since f is somewhat vg—closed, JV € vGC(Y), 3 f(U) C V. Thus, for 
any closed set U of A with U 4 4, SV € vGC(Y) 3 f(U) C V which implies |, is somewhat 
vg—closed. 


Theorem 3.5. Let f be a function and X = AUB, where A,B € RO(X). If the 


restriction functions fi, and fip are somewhat vg—closed, then f is somewhat vg—closed. 


Proof. Let U be any closed subset of X such that U 4 ¢. Since X = AU B, either 
ANU #¢or BNUF gor both ANU F dand BNU ¥ ¢@. Since U is closed in X, U is closed 
in both A and B. 


Case (i): If ANU # $, where UN A is closed in A. Since f\4 is somewhat vg—closed, 
AV EvGC(Y) 3 (UNA) Cc fU) CV, which implies that f is somewhat vg—closed. 


Case (ii): If BN U #4 ¢, where UN B is closed in B. Since fig is somewhat vg—closed, 
AV EvGC(Y) 3 (UN B) Cc fU) CV, which implies that f is somewhat vg—closed. 


Case (iii): If both ANU #4 ¢ and BNU F ¢. Then by case (i) and (ii) f is somewhat 
vg—closed. 


Remark 1. Two topologies tT and o for X are said to be vg—equivalent if and only if the 


identity function f: (X,7) — (Y,o) is somewhat vg—closed in both directions. 


Theorem 3.6. Let f: (X,rT) — (Y,c) be a somewhat open function. Let r* and o* be 
topologies for X and Y, respectively such that T* is equivalent to T and o* is vg—equivalent to 
o. Then f: (X;7*) > (Y;0*) is somewhat vg—closed. 


Note 1. From the definition 2.1 we have the following implication diagram among the 


following somewhat closed mappings 
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(i) swt.g.closed — swt.gs.closed 
1 Ls 


swt.rga.closed + swt.rg.closed + swt.vg.closed — swt.sg.closed — swt.Gg.closed 


T T T i T 
/ swt.ra.closed — swt.v.closed \, T T 


sut.r.closed > swt.1.closed — swt.closed — swt.a.closed — swt.s.closed > swt.3.closed 


A LN ~ 


swt.mg.closed — swt.p.closed > swt.w.closed & swt.ga.closed 


Ny \ 
sut.gpr.closed — swt.gp.closed — swt.pg.closed swt.rw.closed None is reversible. 
(ii) If vV4C(Y) = RC(Y), then the reverse relations hold for all slightly closed maps. 


swt.g.closed  swt.gs.closed 


: Lye 


swt.rga.closed — swt.rg.closed ~ swt.vg.closed <= swt.sg.closed — swt.3g.closed 


[ 
// sut.ra.closed @ swt.v.closed \\, t t 
swt.r.closed  swt.n.closed — swt.closed  swt.a.closed  swt.s.closed = swt.3.closed 
From above note 1 we have the following. 
Theorem 3.7. Let f be a closed function and g swt-[swt-r-; swt-ra-; swt-v-; swt-a-; 
swt-semi-; swt-3-; swt-m-]closed. Then go f is somewhat vg—closed. 
Theorem 3.8. Let f be a closed function and g swt-g-[swt-rg-; swt-rga-; swt-sg-; swt-gs-; 


swt-Bg-/closed. Then go f is somewhat vg—closed. 


§4. ALMOST SOMEWHAT vg—CLOSED MAPS: 


Definition 4.1. A function f is said to be almost somewhat-vg—closed provided that if 
U € RC(r) and U F 6, then J proper V € vGC(Y) and V F & such that f(U) CV. 

Example 3. Let X = {a,b,c},7 = {¢, {a}, {b,c}, X} and o = {¢, {a}, X}. f defined by 
fa) =a, f(b) =c and f(c) = a is almost somewhat vg—closed and but not somewhat closed and 


almost somewhat closed. 

Theorem 4.2. For a bijective function f, the following are equivalent: 

(i) f is almost somewhat-vg—closed. 

(it) If C is a r-open subset of X, such that f(C) # Y, then there is a vg—open subset D of 
Y such that DAY and DC f(C). 

Proof. (i)=(ii): Let C be any r-open subset of X such that f(C) # Y. Then X — C is 
r-closed in X and X —C # @. Since f is somewhat vg—closed, there exists a vg—closed set 
V #4 ¢inY such that V D f(X —C). Put D=Y —V. Clearly D is yg—open in Y and we claim 
D#Y.If D = Y, then V = ¢, which is a contradiction. Since V D f(X —C),D=Y-Vc 
(¥ -{X-—C)) =A). 
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(ii)=>(i): Let U be any nonempty r-closed subset of X. Then C' = X — U is an r-open set in X 
and f(X —U) = f(C) = Y —f(U) implies f(C) 4 Y. Therefore, by (ii), there is a yg—open set D 
of Y such that D#Y and f(C) Cc D. Clearly V = Y — D is a vg—closed set and V # ¢. Also, 
V=Y-DDY-fC)=Y-fxX -—U)=fU). 

Theorem 4.3. The following statements are equivalent: 

(i) f is almost somewhat-vg—closed. 

(ii)If A is a vg—dense subset of Y, then f-'(A) is a vg—dense subset of X. 

Proof. (i)=>(ii): Suppose A is a vg—dense set in Y. If f-'(A) is not vg—dense in X, then 
there exists a vg—closed set B in X such that f-'(A) C B C X. Since f is somewhat vg—closed 
and X — B is vg—closed, there exists a nonempty vg—closed set C in Y such that CC f(X — B). 
Therefore, C c f(X — B) c ff '(Y — A)) CY —A. That is, AC Y—C CY. Now, Y-Cisa 
vg—closed set and A Cc Y —C' CY. This implies that A is not a vg—dense set in Y, which is a 
contradiction. Therefore, f-'(A) is a vg—dense set in X. 

(ii)=>(i): Suppose A is a nonempty vg—closed subset of X. We want to show that vg(f(A))° 4 
. Suppose vg(f(A))° = ¢. Then, vg(f(A)) = Y. Therefore, by (ii), f-'(Y — f(A)) is vg—dense in 
X. But f-'(Y — f(A)) C X — A. Now, X — A is vg—closed. Therefore, f-'(Y — f(A)) Cc X— A 
gives X = (f '(Y — f(A))) C X — A. This implies that A = ¢, which is contrary to A  ¢. 
Therefore, vg(f(A))° 4 ¢. Hence f is almost somewhat-vg—closed. 


Theorem 4.4. Let f be almost somewhat-vg—closed and A be any r-closed subset of X. 
Then fi, : (A;7]4) > (Y,@) is almost somewhat-vg—closed. 

Proof. Let U € RC(z7),4) such that U 4 ¢. Since U is r-closed in A and A is closed in 
X, U is r-closed in X and since f is almost somewhat-vg—closed, IV € vGC(Y), 3 f(U) C V. 
Thus, for any U € RC(A) with U 4 ¢, SV € vGC(Y) 5 f(U) C V which implies f4 is almost 
somewhat-vg—closed. 

Theorem 4.5. Let f be a function and X = AUB, where A,B € RO(X). If the restriction 
functions fi, and fig are almost somewhat-vg—closed, then f is almost somewhat-vg— closed. 

Proof. Let U € RC(X) 3 U # ¢. Since X = AUB, either ANU #4 ¢0r BNU #4 dor 
both ANU #¢and BNUF ¢g. U € RC(X), U € RC(A) and U € RC(B). 

Case (i): If ANU # ¢, where UM A € RC(A). Since fi, is almost somewhat-vg—closed, 
AV €vGC(Y) 3 f(UN A) C fU) CV, which implies that f is almost somewhat-vg—closed. 
Case (ii): If BNU 4 $, where UM B € RC(B). Since fp is almost somewhat-vg—closed, 
AV EvGC(Y) 3 (UNB) Cc fU) CV, which implies that f is almost somewhat-vg—closed. 

Case (iii): If both ANU # ¢ and BNU F ¢. Then by case (i) and (ii) f is almost 
somewhat-vg—closed. 


Remark 2. Two topologies tT and o for X are said to be vg—equivalent if and only if the 
identity function f: (X,T) > (Y,c) is almost somewhat-vg—closed in both directions. 

Theorem 4.6. Let f: (X,rT) — (Y,c) be a somewhat open function. Let r* and o* be 
topologies for X and Y, respectively such that T* is equivalent to T and o* is vg—equivalent to 
ao. Then f: (X;7*) > (Y;0*) is almost somewhat-vg—closed. 

Note 2. From the definition 2.1 we have the following implication diagram among the 


following almost somewhat closed mappings 
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(i) al.swt.g.closed al. swt.gs. closed 


{ tS 


al.swt.rga.closed — al.swt.rg.closed + al.swt.vg.closed — al.swt.sg.closed — al.swt.3g.closed 


T i] T T if 
/ al.swt.ra.closed — al.swt.v.closed \, T T 


al.swt.r.closed — al.swt.t.closed — al.swt.closed — al.swt.a.closed — al.swt.s.closed — al.swt.G3.closed 


Ae t\ \ 


al.swt.7g.closed al.swt.p.closed — al.swt.w.closed & al.swt.ga.closed 


~ ~ 


al.swt.gpr.closed — al.swt.gp.closed — al.swt.pg.closed al.swt.rw.closed None is reversible. 


(ti) swt.g.closed — swt.gs.closed 


1 b 
swt.rga.closed + swt.rg.closed + al.swt.vg.closed — swt.sg.closed — swt.3g.closed 
T iF T if T 
/ sut.ra.closed — swt.v.closed \, T T 
swt.r.closed — swt.n.closed > swt.closed > swt.a.closed > swt.s.closed > swt.3.closed 
a tN ‘ 
swt.mg.closed — swt.p.closed > swt.w.closed & swt.ga.closed 
S a 
swt.gpr.closed — swt.gp.closed — swt.pg.closed swt.rw.closed None is reversible. 


(iti) If vGC(Y) = RC(Y), then the reverse relations hold for all almost slightly closed maps. 


al.swt.g.closed al. swt.gs.closed 


[ t NA 


al.swt.rga.closed «+ al.swt.rg.closed + al.swt.vg.closed = al.swt.sg.closed — al.swt.3g.closed 


[ [ 
// al.swt.ra.closed — al.swt.v.closed \\, t i 


al.swt.r.closed = al.swt.t.closed — al.swt.closed < al.swt.a.closed < al.swt.s.closed  al.swt.G.closed 


From above note 2 we have the following. 


Theorem 4.7. Let f be a closed function and g al-swt-[al-swt-r-; al-swt-ra-; al-swt-v-; 


al-swt-a-; al-swt-semi-; al-swt-G-; al-swt-1-/closed. Then go f is almost somewhat vg—closed. 


Corollary 4.1. Let f be a closed function and g swt-[swt-r-; swt-ra-; swt-v-; swt-a-; 
swt-semi-; swt-3-; swt-r-]closed. Then go f is almost somewhat vg—closed. 

Theorem 4.8. Let f be a closed function and g al-swt-g-[al-swt-rg-; al-swt-rga-; al-swt-sg-; 
al-swt-gs-; al-swt-3g-/closed. Then go f is almost somewhat vg—closed. 

Corollary 4.2. Let f be a closed function and g swt-g-[swt-rg-; swt-rga-; swt-sg-; swt-gs-; 
swt-Bg-/closed. Then go f is almost somewhat vg—closed. 
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§5. SOMEWHAT M-vg—CLOSED MAPS: 


Definition 5.1. A function f is said to be somewhat M-vg—closed provided that if 
U €vGC(r) and U & ¢, then A proper V € vGC(Y) and V # @ such that f(U) CV. 

Example 4. Let X = {a,b,c},7 = {¢, {a}, {b,c}, X} and o = {¢, {a}, X}. f defined by 
fla) =a, f(b) =c and f(c) = a is somewhat M-vg—closed. 

Theorem 5.1. Let f be a closed function and g somewhat M-vg—closed. Then go f is 


somewhat M-vg—closed. 

Theorem 5.2. For a bijective function f, the following are equivalent: 

(i) f is somewhat M-vg—closed. 

(ii) If Cis a vg—open subset of X, such that f(C) # Y, then there is a vg—open subset D 
of Y such that D#Y and DC f(C). 

Proof. (i)=(ii): Let C be any vg—open subset of X such that fC) # Y. Then X — C is 

vg—closed in X and X — C # @. Since f is somewhat vg—closed, there exists a vg—closed set 
V #4 ¢inY such that V D f(X —C). Put D=Y —V. Clearly D is yg—open in Y and we claim 
D#Y.IfD = Y, then V = 4, which is a contradiction. Since V D f(X —C),D=Y-Vc 
(¥ —{X-C))=fC). 
(ii)=>(i): Let U be any nonempty vg—closed subset of X. Then C = X — U is a vg—open set 
in X and f(X —U) = f(C) = Y — f(U) implies f(C) 4 Y. Therefore, by (ii), there is a vyg—open 
set D of Y such that D#Y and f(C) Cc D. Clearly V = Y — D is a vg—closed set and V F ¢. 
Also, V=Y¥ —D>Y-fC)=Y -f(X-—U) =fU). 

Theorem 5.3. The following statements are equivalent: 

(i) f is somewhat M-vg—closed. 

(ii)If A is a vg—dense subset of Y, then f-'(A) is a vg—dense subset of X. 

Proof. (i)=(ii): Suppose A is a vg—dense set in Y. If f-'(A) is not vg—dense in X, then 
there exists a vg—closed set B in X such that f-'(A) C B C X. Since f is somewhat vg—closed 
and X — B is vg—closed, there exists a nonempty vg—closed set C in Y such that C' Cc f(X — B). 
Therefore, Cc f(X — B) c ff’ '(Y — A)) CY — A. That is, AC Y-C CY. Now, Y-Cisa 
vg—closed set and AC Y —C' CY. This implies that A is not a vg—dense set in Y , which is 
a contradiction. Therefore, f-'(A) is a vg—dense set in X. 

(ii)=(i): Suppose A is a nonempty vg—closed subset of X. We want to show that vg(f(A))° 4 
. Suppose vg(f(A))° = ¢. Then, vg(f(A)) = Y. Therefore, by (ii), f-'(Y — f(A)) is vg—dense in 
X. But f-'(Y — f(A)) C X — A. Now, X — A is vg—closed. Therefore, f-'(Y — f(A)) Cc X —A 
gives X = (f '(Y — f(A))) C X — A. This implies that A = ¢, which is contrary to A # ¢. 
Therefore, vg(f(A))° 4 ¢. Hence f is somewhat M-vg—closed. 

Theorem 5.4. Let f be somewhat M-vg—closed and A be any r-closed subset of X. Then 
fia: (Aj 7)a) — (¥,¢) ts somewhat M-vg—closed. 

Proof. Let U ¢ vGC(7\,4) such that U 4 ¢. Since U is r-closed in A and A is closed in 
X, U is r-closed in X and since f is somewhat M-vg—closed, IV € vGC(Y), 3 f(U) C V. Thus, 
for any U € vGC(A) with U # ¢, IV € vGC(Y) 5 f(U) C V which implies f,4 is somewhat 
M-vg—closed. 

Theorem 5.5. Let f be a function and X = AUB, where A,B € RO(X). [If the 


restriction functions fi, and fiz are somewhat M-vg—closed, then fis somewhat M-vg—closed. 
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Proof. Let U € vGC(X) 3 U # ¢. Since X = AUB, either ANU #A¢dor BNU # dor 
both ANU # ¢and BNU F @. Since U € vGC(X), U € vGC(A) and U € vGC(B). 

Case (i): If ANU 4 ¢, where UN A € RC(A). Since fi, is somewhat M-vg—closed, 
AV Ee vGC(Y) 3 (UNA) C fU) CV, which implies that f is somewhat M-vg—closed. 
Case (ii): If BO U 4 ¢, where UNM B € RC(B). Since fiz is somewhat M-vg—closed, 
AV EvGC(Y) 3 (UN B) Cc fU) CV, which implies that f is somewhat M-vg—closed. 

Case (iii): If both ANU #4 ¢ and BNU F ¢. Then by case (i) and (ii) f is somewhat 
M-vg—closed. 


Remark 3. Two topologies T and o for X are said to be vg—equivalent if and only if the 
identity function f: (X,7) — (Y,o) is somewhat M-vg—closed in both directions. 

Theorem 5.6. Let f: (X,7) > (Y,c) be a somewhat closed function. Let r* and o* be 
topologies for X and Y, respectively such that T* is equivalent to tT and o* is vg—equivalent to 
ao. Then f: (X;7*) > (Y;0*) is somewhat M-vg—closed. 


Conclusion 


In this paper we studied basic properties of somewhat vg—closed; almost somewhat vg—closed 
and somewhat M-vg—closed maps. Interrelation among different types of such functions are 
studied. 
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Abstract Let n > 1 be an integer, P(n) is the exponential divisor function. In this paper, 


we shall investigate the mean value of P(n) over cube-full integers, that is, 


S> P(n) = So Pn)fal(n) 


n<ax n<x 
n is cube—full 


where f3(n) is the characteristic function of cube-full integers, i.e. 


1, nis cube-full; 


0, otherwise. 


Keywords Divisor problem, Dirichlet convolution method, Mean value. 


1. Introduction and preliminaries 


An integer n = p{'ps?---p% is called & — full number if all the exponents a; > k, 
ag > k,-++,a, > k. When k = 3, n is called cube — full integer. Let f3(n) be the characteristic 


function of cube — full integers, i.e. 


1, nis cube-full; 
fs(n) = 


0, otherwise. 


In 1982, M. Ms Subbarao (1) pave the definition of the exponential divisor, i.e. n > 1 is an 


integer and n = Il pi, d= iu p,', if G | aj, i = 1,2,---,7r, then d is an exponential divisor 
w=1 
of n. We denote d |. n. Two Tests n,m > 1 have Common Soieanal divisors if they have 


the same prime factors and in this case. i.e. for n = Il pi, m= Il pe ‘aio, >1(1<i<r), 
w=1 = : 


the greatest common exponential divisor of n and m is (n,m)e = Il pores), ). Here (1,1). =1 
i=1 
by convention and (1,7). does not exist for m > 1. 


The integers n,m > 1 are called exponentially coprime, if they have the same prime factors 
and (a;,b;) = 1 for every 1 <i <r, with the notation of above. In this case (n,m)e = k(n) = 
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k(m). 1 and m > 1 are not exponentially coprime. Let P(n) = DY UY, ne. Obviously P(n) is 
1<j<n 


multiplicative and for every prime p, P(p%) = > po) = = pe y(a/d), here P(p 2) —p+p’, 
l<c<a 


P(p?) = 2p+p?, P(pt) = 2p+p?+p', P(p) = 4p+p°, P(p®) = opty? +p*+p°, P(p’) = 6p+p", 
P(p’) = 4p + 2p? + p* + p®. 

Many authors have investigated the properties of the exponential divisor function P(n). 
Recently L. Toth?) proved the following result: 


oy P(n) = cx? + O(a log®/* 2), 


n<ux 


where the constant c is given by c = 4]][(1+ D> P(p* — pP(p*—))/p?*). For k=2, 8. Lill 
P a=2 
proved that 


ee: WCE) sop) LEO ap 
PM = tT 


n<u 
n is square—full 


+0(a7/® exp(—D(log x)?/5 (log log x)~!/5)), 


iF which is absolutely convergent for Rs > fT +e. 


where H(s) := )> 4@ =]]( 
n=1 Pp 
The aim of this short paper is to establish the following asymptotic formula for the mean 
value of the function P(n) over cube-full numbers. 


Theorem. For some D>0, 


om P(n) = 24/3 + cox*/* + c329/> + O(29/8 exp(—D(log x)?/* (log log x)~'/5)), 


n<ux 
n is cube—full 


where c1, C2, cs are computable constants. 


2. Some Preliminary lemmas 


In order to prove our theorem, we need the following lemmas. 
Lemma 2.1. Letl1<a<b<c, A(a,b,G2) is defined by 


D(a,b,52)= So dlajb,e:') =CCSa® + (A Fat + C2)el 2a? + Ala.b, 652), 


1<k<a 


we have 
A(3,4,5;2) < gin log? x. 


Proof. see A.Iviél4l. : 
Lemma 2.2. Let P*(n) = Pla) | Rs > 1, we have 


=. P*(n) __ ¢(38)¢(48)¢(5s) 
S- == (Bs G(s), 


nN 


n=1 
n is cube—full 
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co 
where the Dirichlet series G(s) := >> an) is absolutely convergent for Rs > 3 +e. 


Proof. S (n) - S- (n) f3(m) 
n is Cie Ful 


=|] i p*)fs(P") P*(p4) f(p*) i P* (p>) f3(p°) esealh Pw) f) 


3s As 5s rs 
3 p Pp Pp Pp 
=|[@ ee ee ee ee ) 
; pss prs p2tss pts prt4s pits 


1 1 2 1 1 1 
= ¢(3s) |] ( era er a 243s | »2+45 2+6s 2+78 -) 
p Pp Pp 7 Pp Pp 


pes ps 
_ C(3s)¢(48)¢(5s) D4 
= (8s) II (1 pos : ) 
_ €(85)¢(49)¢(58) or, 
= (85) G(s), 


where G(s) := [] (1 — < +---) is absolutely convergent for Rs > 5 +. 
P 


Lemma 2.3. Let f(n) be an arithmetical function for which 


oa 


l 


S> f(r) = 5° 2% P;(log x) + O(x*), S> |f(n) (a™ log” x). 


n<u j=l n<x 


where a, > a2 >-:: >a, >1/e>a>0, r>0, Py(t),--- , P(t) are polynomials in t of degrees 
not exceeding r, andc>1 and b> 1 are fixed integers. Suppose for Rs > 1 that 


er 


 Ho(m) 
2d ns — C%(s 


If h(n) =X (a) f(n/d°), then 


dt|n 
l 
Fim =F 2 Rslloge) + BAe) 
nx j=l 
where Ri (t),--- , Ri(t) are polynomials in t of degrees not exceeding r, and for some D > 0 


E.(x) « 2 exp((—D(log x)*/° (log log x)~”°)). 


Proof. If b= 1, Lemma 2.3 is Theorem 14.2 of Iviél4l. 
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3. Proof of the Theorem 


Now we prove our theorem. 


L 
" = Edd 5m) poy 
¢(88)¢(4s)¢(5s)G(s) = > = —— => as > 1 
where h(n) = > d(3,4,5;m)g(I). 


n=ml 


By the formula(14.44) of Iviélland Lemma 2.1, we can get 


4.5 3, .,5 3,4 
Loa 4.5im) = GGG) + CCAM + 6S ICG AN” + ABA. 5:2) 
= 5 )C(Z)08 + CD Fa"/* + CEE + O(eM). 0) 
Then from (1) and Abel integration formula we have the relation 
S h(n) = S> d(3,4,5;m)g(I) = So g(t) S> d(3,4,5;m) 
RoE ml<a i<e m<a/l 
_ 4 py eB VR epee yy Pah of ef WS T, 22, 
Eo 4 (Fc F M4 + CECE IE + 0) FY] 
¢(3) ae l 3, 4 l 
a. + 6(9) ¢()0/4 © fie + 6G )0" ys 
22 l 
+ 0(et Sy Ol) 
l<a 


Dial eae: a its S)c(A)eV8 > 7 MS O(a’ S> !96 


l=1 l=1 l=1 i>a 


1/4 Ig( 1/5 lg( 
Ca Dens lo) )+ Ox os: ah) 


l>a l>ax 


22 
QrT7 
ee 1). 


l<a 


Because G(s) is absolutely convergent for o > $+ €, so we have M(l) := > |g(t)| « U/9t. 
t<I 


According to Abel’s summation formula, we have the following estimate 


ty a8 / “rta(() 


Similarly, we have 
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So 
Salm) = DDACD)2# + PEG )a! + S)C(ZIGG)2# + O(@). 
By Lemma 2.3 and Perron’s formula, we get 
Be (ny — SBE(S) 2 CHCDEG) 4, VEG) 
yO ee 


n is cube—full 
+0(a'/* exp(—D(log x)°/* (log log x)~*/5)). 


From the definitions of P*(n) and Abel’s summation formula, we can easily get 


2 = »& Pr(njn = [eal S>  P*(n)) 


n is bear n is Ae ey n is aa seall 
_1CHCHGR) ¢ LYE) 5 1BCHGU) ¢ 
4 ¢(8) 5 (2) 6 CCE) 


+0(«9/* exp(—D(log x)*/* (log log x)~*/5)). 


where D > 0. 


Now our theorem is proved. 


Acknowledgements 


The authors express their gratitude to the referee for a careful reading of the manuscript 
and many valuable suggestions which highly improve the quality of this paper. 


References 


1] M. V. Subbarao, On some arithmetic convolutions in the theory of arithmetic functions, 
Lecture Notes in Mathematics, Vol. 251, Springer, 1972, pp. 247-271. 

2] L. Toth, On certain arithmetical functions involving exponential divisors, Ann. Univ. 
Sct. Budapest Sect. Comput., 24 (2004), pp. 285-294. 


3] S. Li and L. Dong, The mean value of P(n) over square-full numbers, Sci. Magna, 
10(2) (2014), pp. 99-103. 


4] A.Ivié, The Riemann Zeta-function, John Wiley & Sons, 1985. 


Scientia Magna 
Vol. 11 (2016), No. 1, 38-48 


Gracefulness and one modulo N 
gracefulness of L,,®& Sin 


V. Ramachandran? and C. Sekar? 


{+ Department of Mathematics, P. S. R Engineering College, 
Sivakasi, Tamil Nadu, India 
t Department of Mathematics, Aditanar College of Arts and Science, 
Tiruchenduri, Tamil Nadu, India 


E-mail: me.raml11@gmail.com — sekar.acas@gmail.com 


Abstract A function f is called a graceful labelling of a graph G with q edges if f is an 
injection from the vertices of G to the set {0,1,2,...,q} such that, when each edge zy is 
assigned the label | f(x) — f(y)|, the resulting edge labels are distinct. A graph G is said to be 
one modulo N graceful (where N is a positive integer) if there is a function ¢ from the vertex set 
of G to {0,1, N, (N+1), 2N, (2N+1),...,N(q—1), N(q—1)+1} in such a way that (2) ¢ is 1-1 
(it) @ induces a bijection ¢* from the edge set of G to {1,N+1,2N+1,...,N(q—1)+1}where 
o* (uv)=|¢(u) — ¢(v)|. In this paper we prove that the graph Ln @® Sm is graceful and one 


modulo N graceful where Ln ® Sm is the graph obtained from the ladder L, by identifying 
one vertex of the ladder Ly, with any vertex of the star S;, other than the centre of Sim. 


Keywords Graceful, modulo N graceful, ladder, star. 
2000 Mathematics Subject Classification: 05C78. 


81. Introduction 


S. W. Golomb? introduced graceful labelling. Odd gracefulness is introduced by R. B. 
Gnanajothi!]. C. Sekar!) intoduced one modulo three graceful labelling. V. Ramachandran 
and C. Sekar'®) introduced the concept of one modulo N graceful where N is a positive integer. 
In the case N = 2, the labelling is odd graceful and in the case N = 1 the labelling is graceful. 
In this paper we prove that the graph L, ®) S$, for all positive integers n and m is one modulo 
N graceful for any positive integer NV. 


§2. Main results 


Definition 2.1. A graph G is said to be one modulo N graceful (where N is a posi- 
tive integer) if there is a function @ from the vertex set of G to {0,1,N,(N + 1),2N,(2N + 
1),...,N(q-—1), N(q—1) + 1}in such a way that (i) ¢ is 1-1 (it) b induces a bijection ¢* from 
the edge set of G to {1,N+1,2N +1,...,N(q—1) +1}where ¢*(uv)=|¢d(u) — d(v)|. 
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Definition 2.2. L,@® Sp, is the graph obtained from the ladder L,, by identifying one 
vertex of the ladder Ly, with any vertex of the star S,, other than the centre of Sp. 

Theorem 2.1. Ly&@ Sm is one modulo N graceful for all positive integers n and m 
where N is any positive integer. 

Proof. Case (i) When a vertex of the star S,,, other than the centre of S,, is identified 
with a vertex of degree two of the ladder Ly. 

We label the vertices of DL, ® Sm as in we following figure. 

2 


W3 Fy = 
Uy Vy = Wi 1 
pea 
Wo 
Wm 
V2e—________l yp U2 __4 ao 
U3 ¢+—____lv3 U3 ———_ "3 
V4) ug U4 le U4 
Uno WU 1 Un—4 Yn-1 
Un ‘> Un Une Un 
n is even n is odd 


Let V be the set of all vertices of L, ® Si, and E be the set of all edges of Ln &® Sm. 
Clearly In ® Sm has 2n + m vertices and 3n +m — 2 edges. V = {uj,t2,...Un, wi = 


V1, U2, +++, Un, Wo, W2, W3,---;Wm}, 
uyu;, for 7=1,2,...,n, 
UjUi41 for i= 1,2,...,n-—1, 
B= viuiq1. for t=1,2,...,n-—1, 
wow; for 7+=1,2,...,m, 
U1 Wo. 


Define the following functions: 
o@:V — {0,1,2,3,4,...,N(38n +m — 3) + 1} as follows: 


o 


(wo) = 0, 
o(w;) =3N(n—1)4+ N;, +1 for i= 1,2,3,...,m, 
d(uz) = N; for i= 1,2,3,...,n, 

(vj) = 3Ny —2N; +1 for i= 1,2,3,...,n. 

From the definition of ¢ it is clear that {@(wo)} U {¢(wi),i = 1,2,...,m} U {o(ui), i = 
1,2,...,n} U {b(u;),¢ = 1,2,...,n} = {O} U {N(8n — 2) +1, N(8n—- 1) 4+ 1,...,N(Gn+m-— 
3) +1} U{N,2N,..., Nn} U {N(3n — 2) +1, N(8n —4)41,...,Nn+ 1}. 
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Thus it is clear that the vertices have distinct labels. Therefore ¢ is 1-1. 


We compute the edge labelling in the following sequence. 


N+1, if n is odd, 
2N +1, if n is even. 


@* (UnUn—1) =| (Un) _ P(Un—1) | — 


2N +1, if n is odd, 
N+1, if n is even. 


P* (Un—1Un) =| P(Un—1) — (Un) | = 


For i = 1,2,3,...,m, &*(w;wo) =| (wi) — o(wo) | = N(8n — 347%) +1. 

For i = 1,2,3,...,n, @*(vjuj) =| b(v;) — O(us) | = 3N(n — 7) +1. 

For i = 1,2,3,...,n— 2, d*(u;410;) =| O(vi41) — O(;) | = N(8n — 34 — 2) 4-1. 

For i = 1,2,3,...,n—2, O*(usti41) =| (us) — O(ui41) | = N(8n — 37-1) +1. 

This shows that the edges have the distinct labels {1,N +1,2N+4+1,...,N(q—1)+1}. 


It is clear from the above labelling that the function @ from the vertex set of G to 
{0,1,.N,(N +1),2N,(2N +1),...,N(q—1), N(q—1) +1} is in such a way that (i) ¢ is 1-1 (ii) 
@ induces a bijection ¢* from the edge set of G to {1,N+1,2N+4+1,...,N(q—1)+1} where 
o* (uv)=|e(u) — o(v)|. Hence Ly, &) Sm is one modulo N graceful. 


Example 2.1. One modulo 5 gracefulness of Ls ®&) S4. 
71 


76 


5 @ ° 81 


Example 2.2. Gracefulness of Le ®) 57. 
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18 
19 
20 
Lie Iv : - 
be 2 21 
3 e909 
3 ¢——__ 43 


Case (ii) When a vertex of the star S,, other than the centre of S,,, is identified with a 
vertex of degree three of the ladder Ly. 

Subcase (ii) (a) Assume N > 1. We label the vertices as follows when p > 4 ifn is even 
and when p > al if n is odd. 

Note 2.1. 1. If p is even and n is odd then top and bottom edges are respective vpup 
and vpUn 


2. If p is odd and n is odd then the top and bottom edges are respective upUp and UnUn- 
Up P 


U1 


Wm 


Un Un, 


. : p is odd and n is even 
p is even and n is even 


Case (i) p is even. 


42 
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Define the function: 
@:V —{0,1,2,3,4,...,N(3n+m-3)+1} as follows: 


o(wo) = 0, 

d(w;) =3N(n—1) 4+ Ni+1 for 1 = 2,3,...,m, 
2N, if i=1 , 

o(ui) = 4 N(2i—3), if i=2,3,4,...,p, 
2N(i—p)+2N, if i=pt+1, p+2,...,n 
3Nn—2N +1, if i=1 , 
3Np—2N +1- Ni, if i=2, 4, 6, ..., p, 

(vi) = a 
3Np—-4N+1—- Ni, if i=3, 5, 7,..., p-l, 


(3Nn—2N+4+1)—N(i-—p), if i=p+1, p+2,...,n 
From the definition of ¢ it is clear that {¢(wo)} U {b(wi),4 = 1,2,...,m} U {O(ui),2 = 
., ntU{e(v;),¢ = 1,2,...,n} = {O}U{ N(n—-1)4+1, N(8n)+1,...,N(8n+m—3)+1}U 


{2N, N,3N,...,N(2p—3),4N,6N,...,2N(1+n—p)}U{N(3n— 2) +1, N(3n—3) +1, N(3n— 
4)+1,...,N(2n —-2+ p)+1,N(3n — 4) +1, N(3n —6) +1,...,2N(p—1) +1, N(3p — 7) + 
1,N(3p —9) +1...,N(2p — 3) + 1}. 


Thus it is clear that the vertices have distinct labels. Therefore ¢ is 1 — 1. 
We compute the edge labelling in the following sequence: 
$* (viur) =| $(v1) — o(ur1) | = 38Nn—4N +1. 


b*(vqui) =| (v2) — (ur) | =3N(p— 2) +1. 

$*(viu2) =| (v1) — (uz) | =3N(n—1) +1. 

$*(vywo) =| o(v1) — 6(wo) | =3Nn-2N +1. 
( 


1 
D* (Up41t) =| O(vp41) — P(r) | = N(8n— 5) +1. 
b* (viUps1) =| O(v1) — O(Up41) | = 3N(n — 2) +1. 
For i = 2,3,...,m, 
Fori=p+1,p+2,...,n, 
b* (vius) =| O(vi) — (us) | = N(8n — 4 — 34+ 8p) +1. 
For i = 2,4,...,p, 
P* (vitti) =| $(vi) — (ui) | = Np +1 — 3%) +1. 
For i = 3,5,...,p—1, 
P* (vjui) =| (vi) — O(ui) | = Np — 31-1) +1. 
For i = 2,4,...,p—2, 
* (Vi41Us) = (vi41) _ (us) = N(3p — 31- 2) +1. 
For i = 3,5,...,p—1, 
b* (vizi4i) =| O(vit1) — (ua) | = N(Bp— 3%) +1 
For 1 = 2,4,...,p—2, 
* (viui41) = (vj) = (ui41) = N(3p — 3i- 1) + 1. 
For i = 3,5,...,p—1, 
* (vjui41) = (vj) _ b(ui41) = 3N(p -—i- 1) +1. 
Fori=p+1,p+2,...,n—1, 
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* (vjui41) =| (vj) <= b(ui41) | = 3N(n —2-1 +p) + 1. 
oy (Uj441Us) =| (vj41) = (us) | = N(3n —5-—31+ 3p) +1. 
This shows that the edges have the distinct labels {1,N +1,2N+41,...,N(q—1)+1}. 


It is clear from the above labelling that the function ¢ from the vertex set of G to 
{0,1,.N,(N+1),2N,(2N +1),...,N(q—1), N(q—1) +1} is in such a way that (i) ¢ is 1-1 (ii) 
@ induces a bijection ¢* from the edge set of G to {1,N+1,2N+4+1,...,N(q—1)+1} where 
*(uv)=|e(u) — o(v)|. Hence Ly, ®) Sp, is one modulo N graceful for p is even. 


Example 2.3. One modulo 3 gracefulness of Lg ® 54. 
15 


19 
@ @ 
9@ @6 
52 
25 @ @3 
Ys) 
6@ e. © 
0 
46 
i i 58 
186 e° 
Case (ii) p is odd. 
Define the function: 
@:V — {0,1,2,3,4,...,N(38n +m — 3) + 1} as follows: 
(wo) = 0. 
o(w;) = 3(n—1) +241, for i = 2,3,...,m. 
N, if i=1, 
Pu) = 4 N(2i-1), if i=2, 3, ..., p, 
2N+2N(i—[p+1]), if i=pt1, p+2,...,n. 
3Nn-—2N +1, if i=1, 
Ms (3Np —4N +1)— N(i—2), if i=2,4,..., p, 
Ujz)= 
(3Np—-3N +1)— N(i—3), if i=3, 5, ..., p-l, 


(3Nn—-5N +1)—N(G- [p+ 1], if i=p+1, p+2,..., n. 
The proof is similar to the proof in case (i). 
Clearly @ defines a one modulo N graceful labelling of L, ® Si, p is odd. 
Example 2.4. One modulo 5 gracefulness of Lo &) 55. 
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Example 2.5. One modulo 3 gracefulness of Lg &) S¢. 
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Subcase (ii) (b) Assume N = 1. We label the vertices as follows when p > 4 if n is 


even and when p > nth if n is odd. 
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Note 2.2. 1. If pis even and n is odd then top and bottom edges are respective vpupand 


UnUn- 
2. If p is odd and n is odd then the top and bottom edges are respective up,vpand UnUn. 


Up 


Un Wn 
F : p is odd and n is even 
p is even and n is even 
Case (i) p is even. 
Define the function: 
@:V — {0,1,2,3,4,...,(8n +m — 2)} as follows: 


(wo) = 0. 

(wi) = 3(n—1) +i +1, for i = 2,3,...,m. 
2. if i=1, 
1, if i=2, 

Pu)=* Be—-D—G=—3); 913) By cy 1, 
(3p+1)-—(i-4), if i=4,6,..., p, 
2(i-—p)+ 2, if i=p+1, p+2,..., n. 
3 — 1, if i=1, 

ou) = 4 26-1, if i=2, 3, 4,..., p, 


3n+p—1-4, if i=p+1, p+2,..., n. 

From the definition of ¢ it is clear that {¢(wo)} U {b(wi),4 = 2,3,...,m} U {d(ui),2 = 
1,2,...,n}U {d(v;),i = 1,2,...,n} = {O} UL 3n,38n41,...,3n +m — 2} U {1, 2, 3p — 2, 3p — 
4...,2p+2,3p+1,3p—1,...,2p+5,4,6,...,2(n-—p+1)}U {3n — 1,3, 5, 2p — 1, 3n — 2, 3n — 
3,...,2n-—1+4+p}. 

Thus it is clear that the vertices have distinct labels. Therefore ¢ is 1-1. 

We compute the edge labelling in the following sequence: 


*(v,u1) =| o(v1) — o(u1) | = 8n — 3. 
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b* (vague) =| (v2) — b(u2) | = 2. 
b* (vgu2) =| (vs) — P(u2) | = 4. 
b*(vaui1) =| (v2) — o(ur) | = 1. 
$* (viu2) =| o(v1) — o(u2) | = 38n — 2. 
$*(viwo) =| $(v1) — d(wo) | = 38n-1 
b* (Up4141) =| O(Yp41) — O(ur) | = 3n—4. 
P* (V1Up41) =| O(v1) — O(Up4i) | = 3n — 5. 
For i = 2,3,...,m, o*(wjwo) =| 6(w;i) — (wo) | = 3(n -1) +i +1. 
For i=p+1,p+2,...,n, O*(uus) =| o(vi) — (us) | = 38(n —1—i+ p). 
For i= 4,6...,p, &* (ujus) =| (vi) — o(us) | = 3p — 31 + 6. 
For i = 3,5,...,p—1, 
b* (uivi) =| O(ui) — (vi) | = 8p — 34 + 2. 
For i = 4,6,...,p, , 1) =| (ui) — O(vi-1) | = 8p — 37 + 8. 
For i = 3,5,...,p—1, &*(uivi_1) =| o(ui) — O(vj-1) | = 8p — 374+. 4 
For i = 4,6,...,p— 2, &*(uiviz1) =| O(ui) — O(vi41) | = 8p — 87 +5 
For i = 3,5,...,p—1, &*(uvi+1) =| O(ui) — O(uj41) | = 3p — 33. 
For i = p+1,p+2,....n—1, @*(vitigi) =| O(vi) — O(uigi) | = 8m -i+p)—-5 


b*(vigi1ui) =| O(vig1) — P(ui) | = 3(n —7 + p) — 4. 


This shows that the edges have the distinct labels {1,2,... 


labelling of Lp ®) Sm for p is even. 
Example 2.6. Gracefulness of Leg ® 54. 


,q}. Clearly ¢ defines a graceful 
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Case (ii) p is odd. 
Define the function: 

@:V — {0,1,2,3,4,..., 
(wo) = 0. 

o(w;) = 3(n— 1) +i4+1, for i = 2,3,...,m 


(3n +m —2)+ 1} as follows: 
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2, if i=1, 
1, if i=2, 

Ot )=< Gop-=—G=3), ifiS8) Bea. 1, 
3p — (i — 4), if i=4, 6,..., p, 
2(i—p)4+ 2, if i=p+1, p+2,...,n. 
3n—1, if i=1, 

dvi) =¢ 26-1, if i=2,3,4,...,p, 
3n4+p—1-i, ifi=p+l, pt2,...,n. 


The proof is similar to the proof in case (i). Clearly ¢ defines a graceful labelling of 
Ly, ® Sm for p is odd. 


Example 2.7. Gracefulness of Lo ®) 55. 
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Example 2.8. Gracefulness of Lg ®) S¢. 
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81. Introduction 


Let 2 
f(s) =>. ane, s=o+it, (0, teER). (1) 
n=1 


If a,’s belong to C and \,’s € R which satisfy the condition 0 < Ay < Ay < AZ... < 


An---3An 7 CO as nN > oo and 


log |an 
lim 08 |an| = —00, (2) 

. logn 
lim sup =K<o, (3) 


noo An 
then from [7] the Dirichlet series (1) represents an entire function. 
Let X denote the set of all entire functions. Let T be the set of series (1) for which 
(ne)*n&(n!)°|a,| is bounded where ci, cz > 0 and c1,c2 are simultaneously not zero. Then by 
[7] every element of T represents an entire function. The norm in I is defined as follows 


|| fll = sup (ne)7*”"(n!) Jan]. (4) 
n>1 


In [4] Nobusawa generalized the Wedderburn-Artin Theorem for simple and semi-simple 
T-rings. Barnes in [8] obtained analogues of the classical Noether-Lasker theorems concerning 
primary representations of ideals for [-rings. Booth and Groenewald in [2] discussed one-to-one 
correspondence between the prime left ideals of the gamma ring and the right operator ring. 


Also they discussed the bi-ideals and quasi-ideals of a gamma ring. 
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The purpose of the present paper is to consider the set of all Entire Dirichlet series which 
forms a T’-ring and establish various results on prime one-sided ideals and socles for this set X. 


§2. Basic results 


Following definitions are required to prove the main results. For all notions relevant to 
ring theory, refer [1] and [3]. 

Definition 2.1. Let M andT be two additive abelian groups. If there exists a mapping 
M XV XM—M< such that for allx,y,z€ M anda, €T the conditions 

(l.a) (w+ y)az = raz+ yaz, 

(1.6) a(a+ B)z = caz+ aBz, 

(1.c) ca(y+ z) = ray + raz, 

(1.d) (way) Bz = ra(yBz), 
are satisfied then M is a T-ring. 

An additive subgroup I of M is a left (right) ideal of M if MTI CI UTM CI). If I is 
both a left and a right ideal of M then J is a two- sided ideal or simply an ideal of MW. For all 
other concepts we refer [5] and [6]. 

Definition 2.2. Let M be aT-ring. An ideal P of M is prime if for all pairs of ideals 
S and T of M, SVT C P implies SC P orT C P. AT-ring M is prime if the zero ideal is 
prime. 

Definition 2.3. An ideal Q of M is semi-prime if for any ideal U, UTU C Q implies 
UCQ. AT-ring M is semi-prime if the zero ideal is semi-prime. 

Definition 2.4. A one-sided ideal P of X is called prime if for a(s),b(s) € X, a(s)-T- 
X-T- b(s) C P implies a(s) € P or 0(s) € P. 

Definition 2.5. A set {I,:a€ A} of minimal left ideals of X is said to be independent 
f Io Mipza ls =90 for alla ec A. 

Now let a(s),b(s) € X and a(s) €T such that 


a(s) = S- age, Us) = S- bne*®, a(s) = S- Aner’, (5) 
n=1 n=1 n=1 


The binary operations that is addition and scalar multiplication in X X T X X is defined as- 


a(s) + a(s) + b(s) = Pace + an + bn )er"’, 


a(s) -a(s)-b(s) = 5 * Qn + bn) e*”*. 
n=1 
Clearly the set X forms a T-ring. Also X is a prime and a semi-prime [-ring as {0} ideal 
is prime and semi-prime respectively. 
Let G be a free abelian group generated by the set of all ordered pairs {a(s), a(s)} where 
a(s) € X and a(s) ET. 
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Let T be a subgroup of elements » m,{a;(s), ai(s)} € G where m, are integers such that 


a 


> m,.[x(s).a;(s).a;(s)] = 0 for all x(s) € X. 


Denote by R’ the factor group G/T and by [a(s), a(s)] the coset {a(s),a(s)} +7. Clearly 
every element in R’ can be expressed as a finite sum S“lai(s), ai(s)]. 


a 


Also for all ai(s),a2(s) € X and G(s) ET, 
[a(s), a1(s)] + [G(s), a1(s)] = la(s) + B(s), ar(s)], 


[a(s), a1(s)] + [a(s), @2(s)] = [a(s), a1(s) + aa(s)]. 


Define multiplication in R’ by 


lai(s), ai(s)]. > 1Bi(s), bj(8)] = > Jlai(s), ai(s).8;(s).b,(s)]. 


a tJ 


Then R’ forms a ring. Furthermore X is a right R’-module with the definition 


x(s). 5 [ai(s), ai(s)] = }_[a(s).ci(s).a;(s)] for all a(s) € X. 
We call the ring R’ the right operator ring of T-ring X. Similarly one can define the left 
operator ring L’ of X. Every minimal left ideal of a T-ring X is of the form X.a(s).e(s) where 


e(s) = ) ener’ € TI and €n-Qn-€n = Cn- 


n=1 


§3. Main results 


In this section main results are proved. 

Lemma 3.1. Let (¢,1) be a homomorphism of aT-ring X onto aT-ring Y with kernel 
K then if I is an ideal in X then Id is an ideal in Y. 

Theorem 3.1. Jf P is an ideal of the T-ring X then the T-residue class ring X/P is a 
prime T-ring if and only if P is a prime ideal in X. 

Proof. Let X/P be a prime [-ring. Let A and B be ideals of X such that AT'B C P. Let 
(¢,7) be a natural homomorphism from X onto X/P. By Lemma 3.1, Ad and Bé¢ are ideals of 
X/P such that (A¢g)I'(B¢) = (0) implies Ad = (0) or Bd = (0). This implies A C P or BC P. 
Thus P is a prime ideal in X. Conversely let P be a prime ideal in X. Each ideal of X/P is 
of the form A/P where A is an ideal in X. Thus we assume that A/P, B/P be ideals of X/P 
such that (A/P)0(B/P) = (0). Now AT'B C P implies A C P or B C P. This implies A = P 
or B= P. Thus A/P = (0) or B/P = (0). Hence the theorem. 

Barnes in [8] characterized P(X) as the intersection of all prime ideals of X. Again {0} is 
a semi-prime ideal of X if and only if P(X) = (0) or {0} is a semi-prime ideal of X if and only 
if X contains no non-zero strongly nilpotent right (left) ideal. Thus one can say that a T-ring 
X has zero prime radical if and only if it contains no strongly nilpotent ideal. 
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Socles of [-rings 

The sum S;(S;-) of all minimal left (right) ideals of X is called left (right) socle of X. It is 
clear that if X has no minimal left (right) ideals then the left (right) socle of X is 0. 

Lemma 3.2. Let X be aT-ring. If I is a minimal left ideal of X then for each a(s) €T 
and each a(s) € X, I.a(s).a(s) ts either zero or a minimal left ideal of X. 

Proof. Let I.a(s).a(s) # 0 and J be a non-zero left ideal of X contained in I.a(s).a(s) 
then there exists a(s) € I with 0 4 x(s).a(s).a(s) € J. Let H = {2(s) € I|z(s).a(s).a(s) € J}. 
Therefore H is a non-zero left ideal of X contained in I. Minimality of J implies H = I which 
implies I.a(s).a(s) C J which further implies I.a(s).a(s) = J. Thus I.a(s).a(s) is a minimal 
left ideal of X and this completes the proof. 

Theorem 3.2. If X is aT-ring then the left socle and the right socle of X are ideals of 
Xx. 

Proof. By symmetry one needs to only prove that the left socle S; of X is an ideal of X. 
It is clear that S; is a left ideal of X. We need to prove that S; is a right ideal of X. Assume 
that a(s) €T, a(s) € X, f(s) € S; and f(s) € h+io+...+I, where J; are minimal left ideals 
of X. Then 


f(s).a(s).a(s) € Iy.a(s).a(s) + Ig.a(s).a(s) +... + In.a(s).a(s). 


By Lemma 3.2, J;.a(s).a(s) is either zero or a minimal left ideal of X. Hence f(s).a(s).a(s) € S). 
This implies S; is a right ideal of X. 

This completes the proof of the theorem. 

Theorem 3.3. If X is a simple T-ring having minimal left ideals then X is a direct sum 
of minimal left ideals. 

Proof. A left socle is defined as the sum of minimal left ideals. Since X is a simple [-ring 
therefore left socle of X is X itself. Consider a family A of all independent sets of minimal left 
ideals of X. The family A is partially ordered by inclusion. By Zorn’s lemma one can obtain a 
maximal independent set in A say {I : a € B}. By the maximality of this set I( S- i= 

acB 
for each minimal left ideal J of X and I C ye I. Thus X = x I, (direct sum). Hence the 


aceB acB 
theorem. 


Theorem 3.4. Let X be aT-ring. If X has no non-zero strongly nilpotent ideals then 
the left socle S; and the right socle S, of X coincide. 

Proof. A I-ring X without non-zero strongly nilpotent ideals has minimal left ideals if and 
only if it has minimal right ideals. Moreover, every minimal left ideal is of the form X.a(s).e(s) 
where €n.Qn.€n = €n. Also, X.a(s).e(s) is a minimal left ideal if and only if e(s).a(s).X is 
a minimal right ideal of X. Let 5; = S © X.ai(s).€:(s) where X.a;(s).e;(s) are minimal left 


ideals of X and €n,.Qn,;-Cn; = En, Since e;(s).a;(s).X are minimal right ideals of X, therefore, 


oe e;(s).a;(s).X CS. But S$; is an ideal of X which implies X.a;(s).e;(s) C S,. This further 


implies S; C S,. Similarly S, C S;. Thus 5; = S,. 
This completes the proof of the theorem. 
Theorem 3.5. Let P be a left ideal of a T-ring X. Then the following are equivalent 
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(1) P is prime. 

(2) I, J are left ideals of X, ITJ C P implies IC P or JCP. 

Proof. (1) implies (2) 

Let I, J be left ideals of X such that I,J Z P. Let x(s) € I, y(s) € J such that 2x(s), y(s) 
doesnot belong to P. Then there exists c(s) € X, a(s), 8(s) € such that «(s).a(s).c(s).3(s).y(s) 
doesnot belong to P. Since 2(s).a(s).c(s).3(s).y(s) € IT J. This implies IT J ¢ P. 

(2) implies (1) 

Let a(s).0.X.0.b(s) C P. Then (X.T.a(s)).T.(X.T.b(s)) C P. Since X.T.a(s) and X.T.6(s) 
are left ideals of X this implies X.T.a(s) C P or X.T.b(s) C P. Suppose X.T.a(s) C P. Let I 
be the left ideal of X generated by a(s). Then ITT C X.T.a(s) C P which implies J C P which 
further implies a(s) € P. Similarly if X.T.b(s) C P implies b(s) € P. Hence the theorem. 

We now establish the relationships between prime one-sided ideals of X and R’. 

Theorem 3.6. Let P be a prime left (right) ideal of R! then P* is a prime left (right) 
ideal of X. 

Proof. Since P is a left(right) ideal of R’, P* is a left (right) ideal of X. Let x(s), y(s) 
doesnot belong to P*. Then there exists a(s), 3(s) € such that [a(s), x(s)], [G(s), y(s)] doesnot 
belong to P. Since P is prime there exists r(s) € R’ such that 


[a(s), x(s)].r(s).[B(s), y(s)] doesnot belong to P, 
that is there exists y(s) € T and z(s) € X such that 
[a(s), x(s)].[y(s), z(s)]-[G(s), y(s)] doesnot belong to P, 


which implies 
[a(s), x(s).7(s).z(s).8(s).y(s)] doesnot belong to P, 


which further implies 
x(s).¥(s).z(s).G(s).y(s) doesnot belong to P*. 


Thus P* is prime in X which completes the proof of the theorem. 

Theorem 3.7. Let Q be a prime left(right) ideal of X. Then Q* is a prime left(right) 
ideal of R’. 

Proof. Since Q is a left (right) ideal of X, Q* isa left(right) ideal of R’. 

Suppose x(s),y(s) doesnot belong to Q* then there exists a(s),b(s) € X such that 
a(s).a(s),b(s).y(s) doesnot belong to Q. Since Q is a prime one-sided ideal of X, there ex- 
ists c(s) € X, a(s), G(s) €T such that 


{a(s).2(s)}.a(s).c(s).G(s).{b(s).y(s)} doesnot belong to Q, 
which implies 


a(s).{a(s).[a(s), c(s)].[G(s).b(s)]-y(s)} doesnot belong toQ, 
which further implies 


a(s).[a(s), c(s)].[8(s).b(s)].y(s) doesnot belong to Q* . 
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Thus 
a(s).R’.y(s) doesnot belong toQ* . 


Hence Q*’ is prime in R’. Hence the theorem. 

Theorem 3.8. The mapping P — P* defines a one-to-one correspondence between the 
sets of prime left ideals of R’ and X. 

Proof. Let P be a prime left ideal of R’. By Theorem 3.6, P* is a prime left ideal of X. It 
is easily verified that (P*)* = {r(s) € R’|R".r(s) C P}. Since P is the left ideal of R’ implies 
P C (P*)*’. Now let 2(s) € (P*)*’. This implies R’.2(s) C P and hence x(s).R’.x2(s) C P. 
Since P is prime in R’ one gets x(s) € P which implies (P*)* C P. Thus P = (P*)*. 

Suppose now that @ is a prime left ideal of X. By Theorem 3.7, Q* is a prime left ideal of 
R'. Now (Q*’)* = {a(s) € X|X.I.a(s) C Q}. Since Q is a left ideal of X implies Q C (Q*)*. 
Now let x(s) € (Q*’)* which implies X.T.2(s) C Q. Hence a(s).°.X.T.a(s) C Q further implies 
a(s) € Q. Thus (Q*’)* = Q. This completes the proof. 

Corollary 3.1. Let P(X) be the prime radical of X. Then P(X) is the intersection of 
the prime left ideals of X. 

Proof. Let P(R’) denote the prime radical of R’. Then P(R’) is the intersection of the 
prime left ideals of R’. Moreover P(R’)* = P(X) in [9]. Hence 


P(X) = (Qt tis a prime left ideal of R’}) 
= ( {7 Lis a prime left ideal of R’}* 
= {J|Jis a prime left ideal of X} (By Theorem 3.8). 
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